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ABSTRACT

We study the elliptic Gaudin model as a quasi-classical limit of the XYZ Heisen-
berg spin chain with the most general K-matrix. In particular, we give the gener-
ating function of the Gaudin Hamiltonians with boundary terms.

1. Introduction

There is extensive literature on the subject of Gaudin algebras, discussing
its various generalizations in many diferent context [1, 2, 3, 4, 5, 6, 7, 8, 9,
10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30,
31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43]. Here we derive the generat-
ing function of the Gaudin Hamiltonians with boundary terms in the elliptic
case following Sklyanin’s approach in the periodic case [4], as we have done
for the rational and trigonometric Gaudin model [44, 45, 43, 46, 47]. In the
section 2. we review the XYZ Heisenberg spin chain. Our starting point is
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the corresponding R-matrix [48, 49] and its most relevant properties. The
relevant Lax operator as well as the definition of the Sklyanin algebra [50]
is our next step. Then we study the properties of the central element of
the RLL-relations, the so-called quantum determinant of the Lax operator,
and the representation theory of the Sklyanin algebra which follows from
the fusion procedure [50, 51, 52]. Sklyanin showed how to introduce non-
periodic boundary conditions which are compatible with the integrability of
the bulk system[27]. Following his approach we study the general solution
of the relevant Reflection Equation [53, 54, 55] which at the same time de-
fines the corresponding solution of the so-called dual Reflection Equation.
The Reflection Equation Algebra provides the suitable algebraic framework
for studying the non-periodic XYZ Heisenberg spin chain. This algebra is
generated by the entries of the so-called Sklyanin monodromy matrix. As
Sklyanin showed [27], the trace of the product of this monodromy matrix
with the solution of the dual Reflection Equation yields the transfer matrix
of the chain, i.e. the generator of an Abelian subalgebra which is relevant
for the dynamics of the system. Moreover, the Sklyanin monodromy matrix
admits a central element of the Reflection Equation Algebra. In the section
3. we study the non-periodic elliptic Gaudin model as the quasi-classical
limit of the XYZ Heisenberg spin chain. Following Sklyanin’s approach
in the rational case [4] we show how the linear combination of the quan-
tum determinant of the elliptic monodromy matrix together with its trace
yields the generation function of the elliptic Gaudin model, in the peri-
odic case. To study the non-periodic elliptic Gaudin model we follow the
same approach we have used successfully in the rational [44] as well as in
the trigonometric case [47]. Namely, we combine the classical r-matrix to-
gether with the general solution of the classical Reflection Equation into
the so-called non-unitary classical r-matrix which is the key notion in the
study of the non-periodic Gaudin model. The relevant Lax operator can
then be defined in somewhat natural way [44, 45, 46, 47]. This Lax operator
and the non-unitary classical r-matrix determine the linear bracket which
is antisymmetric and satisfies the Jacobi identity, defining the dynamical
symmetry algebra which is of utmost importance for the solvability of the
system. The generating function of the Gaudin Hamiltonian is then in-
troduced in a similar way like for the other non-periodic Gaudin models
[44, 45, 46, 47]. Finally, in the appendix A we summarise some fundamental
identities satisfied by the Jacobi elliptic functions used in the text.

2. XYZ Heisenberg spin chain
The R-matrix relevant for the XYZ Heisenberg spin chain is given by [48, 49|

3
RO\ k) =1+ WalAn,k) 0% @0, (1)

a=1
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where
30 ) = B0 1) ()
0. 0) =20 ) ) ?
W3 (A, n, k) ZM’

the functions sn(\, k), cn(A, k), and dn(\, k) are the usual Jacobi elliptic
functions, A is a spectral parameter, 7 is a quasi-classical parameter, x is
the modulus and o%, a = 1, 2, 3, are the Pauli matrices

a 5&3 5(11 — 25a2
7= ( da1 + 1002 —0a3 > . (3)
The R-matrix (1) satisfies the Yang-Baxter equation
Ria(A — ) Rig(A) Ras(p) = Ros(p) Riz(A) Ria(A — ) (4)

In the present case Yang-Baxter equation reduces to the following matrix
equation

3
D easy (Wa(h = i)Wy (N) = Wa(A = )Wy (1) + Wa (N W(p)
a,B,y=1
—W, (A = W)WM Wa(p) 0 @ 0’ @ 67 =0, (5)
or to the six scalar equations

Wa(A = p)Ws(X) = Wi(A — ) Ws(p) + Wi(\)Wa(p) — Wa(A — ) Wa(A)Wi(p) =0,
W3(A — p)Wi(A) — Wa(A — p)Wi(p) + Wa(A)Wsa () — Wi (A — p) W (M) Wa(p) = 0,
Wi(A = p)Wa(X) = Wa(A — p)Wa(p) + Ws (M) Wi () — Wa(A = p)Wi(A)Ws (k) =0, ©)
Wia(A = p)Wa(X) = Wi(A = ) Wa(p) + Wi(\)Ws(p) — Wa(A — p)Wa(A)Wi(p) =0,
Wi(A = )Ws(A) = Wa(X — p)Wa(p) + W2 (M)W (p) — Wa(A = ) Wi (A)W2 () =0,
Wa(A = p)Wi(A) = Wa(A = p)Wi(p) + Wa(\)Wa(p) — Wi(A = p)Wa(A)Ws (k) = 0,

which are consequences of the definition (2) of the functions Wy (A)
Wo(An, k) , a = 1,2,3, the identities (92) and the addition theorems o
the Jacobi elliptic functions (93) - (95).

In the following, we study some important properties of the R-matrix

(1). Evidently, this R-matrix has the parity invariance

Ro1(A) = Ri2(N), (7)

=

temporal invariance

Riy(A) = Ria(N), (8)
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and it is regular at A =0,
R12(0) = 2P, (9)

here P is the permutation matrix in C? ® C2.
With the aim of checking the unitarity property we calculate the prod-
uct

3 3
RO\R(—\)= (1 +y° WQ(A)WQ(—A)> 1+ (Wa(A) + Wa(=))) 0°® o°
a=1 a=1

3
— > €apy €app Wa(MWs(=A) 07 ® 0’ (10)
a,B,7,p=1

A straightforward calculation shows that

Wi(A) + Wi(=A) = Wa(AM)W3(=A) = W3(A)Wa(=A) =0,
Wa(A) + Wa(=A) — Wa(M)Wi(=A) — Wi(AN)W3(=A) =0, (11)
W3(A) + W3(=A) = Wi (A)Wa(=A) = Wa(A)Wi(=A) = 0.
Therefore the R-matrix (1) has the unitarity property
RAR(=A) = p(A,n, k) 1 (12)

where the function p(\, 7, k) is given by

sn?(n, k) sn?(\, k) —sn?(2n, k)

3
P\, k)= <1 +> Wa()\)Wa(—/\)) =
a=1

sn2(2n, k) sn?2(\, k) —sn2(n, k)

(13)
The R-matrix (1) has the crossing symmetry

R\ = (c?®@1) R (-\—2n) (c?® 1), (14)

were t1 denotes the transpositions in the first space of the tensor product
C? ® C2. Consequently, the crossing unitarity property holds

R (A)R™M(X —4n) = p(A + 21,1, k) 1. (15)

In what follows we study an inhomogeneous XYZ spin chain with N
sites, with the local space V,,, that is the 2s 4+ 1 dimensional spin s rep-
resentation space of the Sklyanin algebra and inhomogeneous parameter
OLj.

N
H= & V.

m=1
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Following [50] we introduce the Lax operator

3
Log(\) =1® 8"+ Wa(\,n,5) 0”& S°, (16)

a=1

. < SO+ Wg(/\)53 Wl(A)Sl — ZWQ(}\)SQ >
o Wl()\)Sl + ZWQ()\)SQ SO — Wg()\)SS ’

were S0, 51,9283 are the generators of the Sklyanin algebra U ,(sl(2))
[50]. The generators of the Sklyanin algebra satisfy the following relations

S?] =1 (895° + 5%57),
1 (S°8T 4+ 5157)

[s*
[, 5°]
[53, S =1(8S* + 8%25Y) .
(S0, 8] = 1.J05 (S25% + S35%) an
[S°,5%] =a.J51 (S35 + 8153,
[S°,8%] =212 (5152 + S2S1),
where
Jow = W20 = )W (N Wa (1) = Ws(A — ) Wa(A) W (1) (18)
s Wi(A) = Wi(A = )W () ’
Ty = W3(A — ) Wa () Ws(A) — Wa(A — p)Ws(p)Wa(A) (19)
Wi () = Wi(A — p)Wi(X) ’
o = Ws(A — M)leA)W:a(M)l— Wi(A —lﬂ)Wz&(A)Wl(ﬂ) (20)
Wa(A) = Wa(A — 1) Wa(n) ’
o = Wi(A — @)W () Wi(A) — Wa(A — ) Wi () W3 () (21)
Wa(p) — Wa(X — ) Wa(X) ’
Joo = WA - M)W;/\)Wl (M)Q— Wa(A —2M)W1(A)W2(M) (22)
- W3(N) = Ws(A — w)Ws(n) ’
_ WA = )W () Wa(A) = Wi(A — ) Wa () Wi (N)
o = . (23)

Wi (p) — Wa(A — p)Ws(A)

Actually, the quantities Ji2, Jo3 and J3; do not depend on the spectral
parameter and are given by [50, 51]
W2(\) — W2(\ K

J12 — 1( 2) 2( ) — (1 _ 52) 5 (77 2) , (24)
W3 ()‘) -1 Ccn (777 ’%)dn (777 H)
WEO) = WE) _ o sv®(n, n)en®(n, 1)
W) -1 do®*(n, k)
_ RN - W) sn’(n, #)dn®(n, &)

WZ(A) -1 - cn?(n, K) ) (26)

Jog =

(25)

J31
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A straightforward calculation shows that

Ji2 + Jag + J31 + JiaJazJ31 = 0. (27)
Therefore 7 J
a— Yp
Jog = ———F, 28
> 29
with 5 dn(2
e gy e gy = R2mR) (2 K) (29)

~en’(n,k) " dn’(n, k)
Also, it is important to notice that [51]

Jig+1 2 Ji2 + Jas
= —" \/—Jo3J: = == 30
" Jio + Jog 2380 ot (777 ) Jig+1 ( )

The quadratic Casimir elements of the Sklyanin algebra are given by

3
Co = (8% +) (8, (31)
a=1
3
Cy=> Jo(S%). (32)
a=1

Following [50], it maybe useful to introduce another Casimir element of the
Sklyanin algebra

Cr=Cyo—Co=(SN2+D (1-J,) (5% (33)

M

a=1

Evidently the two dimensional representation of the Sklyanin algebra is
given by the R-matrix (1). Therefore in this case

SO=1 and S%=o0" (34)
In this representation, evidently,
Cop=41 and C5= (J1 + Jo + Jg) 1. (35)

The other irreducible representations of the Sklyanin algebra are con-
structed by the so-called fusion procedure [52, 49, 51, 50]. In particular,
the three dimensional representation can be obtained from

Ry(23)(\) = Pz R 23(\) Paf
= ;:;Rlz()\ + U)ng()\ — T])PQ—E, (36)
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where 1
Ph=1-Py=1- 1 Ra3(—2n) . (37)

It follows that, with a suitable choice of bases, the generators of the Sklyanin
algebra are represented by the following set of matrices [50]

Jg 0 Jl_JQ
SO = 0 Jy+Jo— J3 0 , (38)
Jl—JQ 0 J3

010

St=\20hJs[ 1 0 1], (39)
010
0 — O

S? =203y + 0O -1 |, (40)
0 + O
10 0

S3=2v/Jo[ 0 0 0 |. (41)
00 —1

Straightforward substitution of formulae (38) - (41) into (31) and (32) yields
Co=(Ji+Jo+J3)°1,  Cy=(8J1JaJ3) 1. (42)

The commutation relations of the generators of the Sklyanin algebra
(17) guarantee the RLL-relations for the XYZ Lax operator (16)

Ria(A = p)Lag(A)Lag (1) = Lag (1) Lag(A) Riz(A — p). (43)

The RLL-relations admit a central element

D [IL(A)] = troor PygiLog(A — m)Lorg(X 4+ 1), (44)
where 1—p )
by = 5 = 7 Row(=21). (45)

A straightforward calculation shows that
[DLw)], L] =0. (46)

Substituting (16) into (44) yields

3
DL = (897 = > WalA = m)Wa(A +n)(5%). (47)

a=1
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In particular, in the case of the R-matrix, its quantum determinant is given
by

3
D[R(N)] = (1 =) WalA=n)Wa(A+ 77)) 1=pA+nmnr)1. (48)
a=1
In general, the central D [L(\)] can be expressed in terms of the Casimir
elements of the Sklyanin algebra using (28), (19), (21) and (23),

1+ Ws(A=n)Ws(A+n)
J3

D[L(A\)] = Co Cs . (49)

The quantum determinant I [L(\)] can be written in terms of Cp and C
as follows

DL (1 1m0 —JZ>W3<A+n>> ”

1+ W3(A = n)Ws(A+n)
+< K )cl.

The Lax operator (16) satisfies the following identity
Log(A) 05 Loy (A = 2n)05 = 1@ DL(A = n)], (51)

were to denotes the transpositions in the auxiliary space C2.
The so-called monodromy matrix

T(A) = Lox (A — ay) - Lot (A — a1) (52)

is used to describe the system. Notice that T'(\) is a two-by-two matrix in
the auxiliary space Vi = C?, whose entries are operators acting in H

AN B(A
T(\) = ( CEA; DEA% ) (53)

From RLL-relations it follows that the monodromy matrix satisfies the
RTT-relations

Roo (A = 1) To (M) Tor (1) = Tor (1) To(A) Roor (A — ). (54)

The RTT-relations define the commutation relations for the entries of the
monodromy matrix.

In the periodic case the modified Algebraic Bethe Ansatz [48, 56] yields
the spectrum of the spin-s XYZ Heisenberg Hamiltonian

(J1ShSpst + J2S2 82 1 + J3S5,80 1) . (55)
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A way to introduce non-periodic boundary conditions which are com-
patible with the integrability of the bulk system, was developed in [27].

The compatibility condition between the bulk and the boundary of the
system takes the form of the so-called Reflection Equation. It is written in
the following form for the left reflection matrix acting on the space V; = C?
at the first site, K~ (u) € End(C?)

Ria(u — v) K (u)Ro1(u + v) K5 (v) = K5 (v)Riz2(u + v) K (u)Ra1(u —(v).)

56
The general solution of the reflection equation above, for the R-matrix (16),
can be written as follows [53, 54, 55]

c(1—71sn?(u)) + 1+ 7sn?(u)

sn(u +a) — dsn(u —a) bsn(2u) 1 —72sn2(u)sn?(a)

K™ (u) = (1 —7sn?(u)) — 1 — 7sn?(u)

1 — 72sn2(u)sn?(a)

bsn(2u) ¢ —sn(u — a) + dsn(u + a)

(57)
here a, b, c,d are arbitrary constants.
Due to the properties of the Yang R-matrix the dual reflection equation
can be presented in the following form

Ri2(v — u)Ki (u)Ra1 (—u — v — 20) K3 (v) = K5 (v)Riz2(—u — v — 20) K (1) R21 (v — ).
One can then verify that the mapping
K" (u) = K (—u—w)

is a bijection between solutions of the reflection equation and the dual
reflection equation. After substitution of into the dual reflection equation
one gets the reflection equation with shifted arguments.

We use Sklyanin approach to integrable spin chains with non-periodic
boundary conditions [27]. The Sklyanin monodromy matrix 7 (\) is

To(\) = To(N Ky (N To(N). (58)

The monodromy matrix Ty()) is such that its RTT-relations (54) can be
recast as follows

Ty (1) Roor (A + ) To(N) = To(A) Roor (A + ) Ty (), (59)
To(A\) Ty (12) Roor (1 — A) = Roor (1= ATty (1) To(A).- (60)

Then, by construction, the exchange relations of the monodromy matrix

T(\) are

Roo (A = 1) To(A) Roro (A + 1) Tor (1) = Tor (1) Roor (A + ) To(A) Roro (A — é%)l)
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The Reflection Equation Algebra admits a central element, the so-called
Sklyanin determinant [27],

A[T(N] = troo Fog To(A = 1/2) Roor (23) Tor (A +1/2). (62)

The open chain transfer matrix is given by the trace of the monodromy
T (\) over the auxiliary space Vj with an extra reflection matrix KT ()\),

tH(A) = tro (KT (N T (V). (63)

The reflection matrix K+ ()) is the corresponding solution of the dual re-
flection equation.
The commutativity of the transfer matrix for different values of the

spectral parameter
[t(A), t(w)] = 0, (64)

is guaranteed by the dual reflection equation and the exchange relations of

the monodromy matrix 7 ().

In the spin-% case, in the homogeneous limit, this transfer matrix yields

the Hamiltonian with the boundary terms of the form:
N-1
H=> Hpmi1+(A-of + B_of +C_oy)+(Arok + Bioy + Cioy)
m=1
(65)
where the first term corresponds to the expression 55 (here without the
periodic boundary condition). The separation of variables method [57, 58]

was used to obtain the spectrum of the above transfer matrix by S. Faldella
and G. Niccoli [59].

3. Generalized XYZ Gaudin model

The key observation is that the R-matrix (1) admits the following expansion
[16]
R(A\m) = 1+ 2nr(\) + O(1%), (66)

where the classical r-matrix is given by
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the functions sn(\, k), cn(A, k), and dn(\, k) are the usual Jacobi elliptic
functions and 0%, o = 1,2, 3, are the Pauli matrices (3). Evidently, this
classical r-matrix has the parity invariance property

r21(A) = r12(A), (69)

and, due to the fact that wqy () (68) are odd function of A cf. (91), it also
has the unitarity property

7“21(—)\) = —7“12()\). (70)

Notice that in the case of the r-matrix (67) the classical Yang-Baxter
equation

[r13(A), r23()] + [r12(A — p), 113(A) + 7r23(w)] = 0, (71)

reduces to the following three identities

wi(A) wa(p) = —w2(A = p) w3(A) + wi(A — p) wa(p),
w3(A) wi(p) = —wi(A — p) wa(A) +ws(A — p) wa(p), (72)
w2 (A) wa(p) = —ws(A = p) wi(A) + w2 (A — p) wi(p),

which are consequences of the definition (68) of the functions wq(\) , & =
1,2, 3, the identities (92) and the addition theorems of the Jacobi elliptic
functions (93) - (95).

The Lax operator of the chain (16) admits the following expansion

Log(A, 1) = 1 + 21 Log(N) + O(n?), (73)
where ,
log(\) =D wa(X) of @ S (74)
a=1

Therefore the expansion of the monodromy matrix (52) reads

To(A,n) = 1+ 25 Lo(A) + 172 Ts2 (A) + O(), (75)

where the Gaudin Lax operator is given by

N
Lo(\) = Lon(X — o). (76)
m=1

The RTT-relations (54) imply the so-called Sklyanin linear bracket for the
Gaudin Lax operator

[Lo(A), Lor ()] = [roor (A — 1), Lo(A) + Lo ()] 5 (77)
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with the above classical r-matrix (67).
It can be shown that the transfer matrix of the chain and the quantum
determinant of the monodromy matrix admit the following expansions

tOun) =142 troT 2 (A) + O(n?),

DT\ m) = 1+7° (troT{? (V) +4 troL3(N)) + O, (78)

Thus the generating function 7(\) of the Gaudin Hamiltonians in the ellip-
tic case can be obtain as a difference

with, as expected,
7(\) = troLZ()). (80)
Evidently, 7(\) commute for different values of the spectral parameter,
[T(A), ()] = 0. (81)

As in the rational and the trigonometric case, the expansion into partial
fractions yields the corresponding Gaudin Hamiltonians

N N
) =)o\ —am) smlsm+1)+ > C(A—am) Hn+Hy,  (82)
m=1 m=1

where p is the Weierstrass P function,  is the zeta function, Hp is A
independent and

3
Hyp=2) > walom —am) SySH. (83)

m##n a=1

Sklyanin and Takebe [16, 17] obtained the spectrum of the generating func-
tion both by the modified Algebraic Bethe Ansatz and by the separation
of variables method.

In order to define the Gaudin model with boundary terms we consider
the following non-unitary classical r-matrix [44, 47]

rio (A 1) = roor (A = 1) = Ko (V)roor (A + p) Ko (1), (84)

where

Ko(A) = Ky (V). (85)

It is straightforward to check that this r-matrix satisfies the classical Yang-
Baxter equation [44, 47]

(35 (A3, A2), 115 (A1, Ag)] + [r1S (A1, A2), 5 (A1, As) + 745(X2, A3)] = 0. (86)
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The corresponding Lax operator is given by

N
Lo(N) =D (Com(X = am) + KoM lom(A + am) K ' (V) . (87)

m=1

Evidently, it satisfies the following linear bracket relations

[Lo(A), Lo ()] = [y (X, 1), Lo(N)] = [rdo(m, A), Lo ()] - (88)

By definition this linear bracket is obviously anti-symmetric. It obeys the
Jacobi identity since the r-matrix rég,()\, w) satisfies the classical Yang-
Baxter equation.

The generating function 7(A) of the Gaudin Hamiltonians with bound-
ary terms is given by

7(\) = trg LE(N). (89)
The generating function for different values of the spectral parameter ob-
viously commute,

[T(A), 7(w)] = 0. (90)

Thus, defining the family of the Gaudin Hamiltonians in involution.

In this way, we have achieved the main objective of this work. Our
next step will be to solve explicitly the model using either the modified
algebraic Bethe ansatz [48], which was successfully used in the periodic
case [16], or the separation of variables method [57, 58], used to solve the
periodic elliptic Gaudin model [17] as well as the non-periodic elliptic chain
[59].

A Jacobi elliptic functions

In this appendix we briefly review some basic identities which follow from
the definition of the Jacobi elliptic functions. In particular,

sn(—\, k) = —sn(\, k), cn(=A, k) =cn(\ k), dn(=\, k) =dn(}\, k),

(91)
sn?(\, k) +cn®(\ k) =1, dn?(\, k) + k2sn?(\, k) = 1. (92)
The addition theorems for the Jacobi elliptic functions read
sn(A, k)en(p, k)dn(p, k) + en(\, k)dn(\, &)sn(u, k)
A =
su(A+ . 1) 1 — k2sn2(\, k)sn2(u, k) » (99)
en(\, k)en(p, k) — sn(\, k)dn(\, k)sn(p, £)dn(u, k)
A = 4
en(A+p, ) 1 — k2sn2(\, k)sn2(u, k) - (94
dn(\+ 1, k) = dn(\, k)dn(u, k) — k2sn(A, k)en(N, &)sn(p, £)en (s, Ii)'

1 — k2sn2(\, k)sn?(u, k)
(95)
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Some other important identities follow from the formulae above

sn?(\, k) — sn?(p, k)

sn(A + p, k) sn(A — p, k) = 1= m2sn2(n, m)sn2(ji, ) (96)
en?(p, k) — sn?(\, k) dn?(u, )
en( A+ p, k) en(\ — p, k) = 1= m2sm2(n, )2 (k) (97)
2 2002 2

1 — k2sn?(\, k)sn?(u, k)
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