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Abstract

Despite its tremendous success, the Standard Model of particle physics does
not explain why the weak interaction breaks chiral symmetry. Various unified
theories got us closer to an answer, but too often the explanation consists of
labeling the SU(2)w singlet representations as right-handed, and the doublet ones
as left handed. This by itself does not ensure a chiral preference, because chirality
itself, arising in the Dirac spinors, is not a property of the internal gauge group
representations. Something deeper than mere labeling is required. In this paper,
some of the progress using exterior and Clifford algebras is reviewed, and a possible
explanation for chiral asymmetry is presented. It is shown how such a solution is
present, rather implicitly, in a model proposed in a previous article.

1. Introduction

An important question, unanswered in the Standard Model of particle
physics, is Why is the electroweak interaction chiral?

A general procedure to answer this question is to try to identify the
rules behind the symmetry groups and their representations present in the
Standard Model (SM), and then identify the mathematical structure behind
these rules. This heuristic led to various models aiming to explain the
properties of the SM from more fundamental structures.

In particular, a model that solves the problem of chirality of the elec-
troweak interaction should solve at least three main problems.

The first problem is, of course,

Problem 1. The model must include the doublet and singlet representa-
tions of SU(2)w, as known from the Standard Model.

The main problem to be solved to answer the question of the chiral
preference of the electroweak interaction, is the following:
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Problem 2. The model must lead inevitably to the conclusion that leptons
and quarks transform under SU(2)w as doublets, in the left-handed case, and
as singlets, in the right-handed case. Their anti-particles should transform
under SU(2)w as singlets, in the left-handed case, and as doublets, in the
right-handed case.

I used the notation SU(2)w rather than the common one SU(2)L, be-
cause the latter may “smuggle” into the model the idea that the weak
interaction is automatically chiral.

While weak interaction seems to be easier to understand in the case of
leptons, also quarks take part of it, so there is a third problem that should
be solved along with these ones:

Problem 3. The model must inevitably include the proper SU(2)w as dou-
blet or singlet representations for the up and down types of quarks, as well
as for the charged and neutral leptons.

Models addressing Problem 1 include Grand Unified Theories (GUT)
based on larger simple Lie groups like SU(5) [19] and Spin(10) (some-
times referred to as SO(10)) [18, 15], models based on Clifford algebras
[1, 3, 4, 6, 2, 11, 8, 10, 30, 9, 24, 31, 20], models based on octonions
[22, 12, 16], sedenions [21], and the exceptional real Jordan algebra of di-
mension 27 [14, 25], without exhausting the list. The models are different,
but there are common structures appearing in different forms – basically
making use of the representations of SU(2)w on the exterior algebra of a
two-dimensional complex space, often this being expressed in terms of Clif-
ford algebras. Most proposed models simply combine the SU(2)w doublet
representation with the left-handed component of the Dirac spinor, and
the SU(2)w singlet representations with its right-handed component, and
are seen sometimes as explaining chirality. A review of the common struc-
ture in terms of Clifford algebras, and of the general method for addressing
Problem 1 can be found in [17], for the leptonic case. However, getting
the singlet and doublet SU(2)w representations and labeling them as “left-
handed” and “right-handed”, and merely coupling these representations of
the internal SU(2)w with the correct chiral components of the Dirac spinor,
is not enough to explain chiral asymmetry. Chirality is an observable of
the Dirac spinors, not of the representations of SU(2)w, so a true explana-
tion of the chiral preference of the electroweak interaction should also solve
Problem 2.

Some of the models mentioned above solve Problem 3 automatically, in
particular the SU(5) and Spin(10) Grand Unified Theories1, the model in
[3, 4], and [16].

An important step in answering Problem 2, together with Problems 1
and 3, is made in [4], in which it is shown how chiral spinors corresponding

1Although they require an additional symmetry breaking, additional interaction, and
predict the proton decay, which was ruled out for reasonable parameters.
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to both spacetime and internal degrees of freedom can be made to connect
in the proper way the SU(2)w representations with chirality. A model
addressing Problems 1 and 3, and partially Problem 2, can be found in
[26, 28, 29, 27], although this model uses a representation of the Dirac
spinors in which time is a scalar, and the chiral preference is obtained by
imposing that right-handed neutrinos do not take part in any Standard
Model interactions. A closely related model addressing Problems 1, 2, and
3, and which at the same time includes Dirac spinors in the standard form,
which is naturally Lorentz invariant, is proposed in [24]. There, the action
of the Dirac algebra and of the spin group Spin1,3 break the symmetry,
favoring a chiral component, and at the same time leads to a Weinberg
angle given by sin2 θW = 0.25. A central part of the present article consists
of explaining the structures behind the model presented merely implicitly
and in an undetailed form in [24], and showing how this model address
Problems 1, 2, and 3.

Another problem, which will not be discussed here, is the existence of
three generations, and some models deal with it, for example [4, 16], and
[21, 20], which extends [24] to three generations.

This article includes a discussion of the Clifford-algebra-based struc-
tures which allow to address the Problems 1, 2, and 3, how various models
do this partially, and a more explicit and detailed description of how this
was implemented in [24] in an implicit way. Section §2. contains the re-
lations between the representation of the Dirac algebra, and of the groups
SU(2)w and SU(3)c, as they appear in the Standard Model, and the Clifford
algebra representations. Section §3. explains how they connect to address
the Problems 1, 2, and 3. Section §4. describes how these problems are
implicitly addressed by the model proposed in [24]. The article concludes
with Section §5..

2. Clifford algebra patterns in the Standard Model

This section explains some patterns in the Standard Model, which will be
used to address Problems 1, 2, and 3. We will see that the same underlying
algebraic structure appears in three different forms, for each of the three
problems. In the case of Problems 1 and 3, the structure arises from the
fundamental and the trivial representations of SU(2)w and SU(3)c, while in
the case of Problem 2 from the representation of the Dirac algebra on one of
its ideals. In a first form, the common structure is an exterior algebra, but
more refinement leads to the idea that it is in fact a Clifford algebra. The
fact that the same type of algebraic structure appears in all three instances,
and the fact that these structures appear in one form or another in most
proposed models, is not accidental.

2.1. Exterior algebra patterns in the Standard Model

Both the weak symmetry group and the color symmetry group are instances
of the special unitary group SU(n), for n = 2, respectively n = 3. The stan-
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dard representation of SU(n) is the complex vector space Cn ∼= Cn endowed
with the canonical Hermitian metric. The fundamental and the trivial
representations of SU(n) are

∧
kCn, and they are classified by charges of

U(1) ⊂ U(n). By examining the patterns of weak isospin and color of the
leptons and quarks, we see that all of the fundamental and trivial repre-
sentations of SU(2)w and SU(3)c appear in the Standard Model.

The representations of the weak symmetry group SU(2)w present in the
Standard Model are displayed in Table 1. They are all present, maybe
with the exception of

∧
0C2, which corresponds to the still hypothetical

right-handed neutrino.

Representation Particles Hypercharge∧
0C2 (νe)R (?) 0∧
1C2 (νe, e

−)L −1∧
2C2 (e−)R −2

Table 1: The representations of the weak symmetry group SU(2)w.

All of the fundamental and the trivial representations of the color sym-
metry group SU(3)c are present in the Standard Model, as seen in Table 2.

Representation Particles Electric charge∧
0C3 νe 0∧
1C3 dr, dy, db −1

3∧
2C3 ur, uy, ub −2

3∧
3C3 e− −1

Table 2: The representations of the color symmetry group SU(3)c.

An interesting difference between the representations listed in Table 1
and Table 2 is that in the former, only particles appear, while the second one
contains particles alternated with antiparticles. This remark is important
to address Problem 3. In both cases, the conjugate representations are also
valid, and they apply to the antiparticles of the particles from the tables.

2.2. Dirac spinors and chirality

Let γµ be the Clifford basis of the Dirac algebra C`4 = C`1,3 ⊗ C.
Following [7], we define{

e1 = 1
2(γ0 + γ3), e2 = 1

2(−iγ2 + γ1)

f1 = 1
2(γ0 − γ3), f2 = 1

2(−iγ2 − γ1).
(1)

Then, f1f2 is nilpotent, and defines a minimal left ideal C`4f1f2.
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In the basis
(e1f1f2, e2f1f2, 1f1f2, e1e2f1f2) (2)

of the minimal left ideal C`4f1f2, the matrix form of γµ is the Weyl repre-
sentation.

Let W be the vector space spanned by (e1, e2). Then, the spinors from∧−Wf1f2 are Weyl spinors of left chirality, and those from
∧

+Wf1f2 are
Weyl spinors of right chirality.

Note that the basis (2) is in fact the same as the exterior algebra basis

(e1f1f2, e2f1f2, 1f1f2, e1 ∧ e2f1f2). (3)

This happens because the inner product between Dirac spinors vanishes on
the space W spanned by (e1, e2). In fact, this is the reason why we can
take as Dirac spinors the exterior algebra

∧ •W, with the basis

(e1, e2, 1, e1 ∧ e2). (4)

This fact will turn out to be relevant in the following.

2.3. Representations of complex Clifford algebras, even dimen-
sion

We already noticed in subsection §2.2. that there is an equivalence be-
tween the representation of the Dirac algebra C`4 = C`1,3 ⊗ C by Clifford
multiplication on one of its minimal left ideals, and a representation on the
exterior algebra

∧ •W. This is in fact true for any complex Clifford algebra
C`2r [5, 7].

To see this, let us consider the orthonormal basis of a complex n-
dimensional vector space V endowed with a complex inner product,

(e1, . . . , er, er+1, . . . , e2r), (5)

where e2j = 1.
Then, we can build the Witt basis basis{

aj := 1
2(ej + ier+j)

a†j := 1
2(ej − ier+j).

(6)

The Witt decomposition of the vector space V is V := W ⊕W †, where

W is spanned by (aj), and W is spanned by (a†j).

Let a ∈
∧
rW , a := a1 ∧ . . . ∧ ar = a1 . . . ar. Then, a is nilpotent

(a2 = 0), so
∧ •W †a is a left ideal. In fact,

∧ •W †a is a minimal left ideal,
and its elements are called algebraic spinors. It provides an irreducible
representation of the Clifford algebra C`2r, as we will see.
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On the vector space
∧ •W †a (hence also on the exterior algebra

∧ •W †),
a† and a act like creation and annihilation operators:{

{aj , ak} = {a†j , a
†
k} = 0

{aj , a†k} = δjk.
(7)

Let φ ∈
∧ •W †. Then, {

a†jφa = a†j ∧ φa
ajφa = iajφa,

(8)

where iaj is the interior product.

Since dimW † = 2r, this is an irreducible representation of C`2r.
Because the inner product vanishes on W , the Clifford product on the

subalgebra generated by W coincides with the exterior product. The same
holds for W †.

The algebra C`2r is spanned by elements of the form

a†j1 . . . a
†
jp
aa†ak1 . . . akq , (9)

p, q ∈ {0, . . . , r}, 1 ≤ j1 < . . . < jp ≤ r, 1 ≤ k1 < . . . < kq ≤ r [24].
Hence, the Clifford algebra C`2r is isomorphic to the matrix algebra C(2r),
according to the classification theory [5, 7, 23].

Since the elements of the form a†j1 . . . a
†
jp

span
∧ •W †, C`2r is the direct

sum of the minimal left ideals of the form∧
•W †aa†ak1 . . . akq . (10)

On these ideals, C`2r is represented just like on
∧ •W †a (8).

2.4. From the exterior algebra
∧ •Cr to Clifford algebra C`2r

Conversely, we can start with the complex r-dimensional vector space Cr
endowed with a Hermitian inner product h. Then, h gives a canonical
isomorphism Cr ∼= C∗r .

On
∧ •(Cr ⊕ Cr) ∼=

∧ •Cr ⊗C
∧ •Cr, define an associative product by{

uv := u ∧ v, u†v = u† ∧ v + 1
2u
†(v),

u†v† := u† ∧ v†, uv† = u ∧ v† + 1
2v
†(u),

(11)

for any u, v ∈
∧ •Cr.

Then, if (aj) is an orthonormal basis of Cr,{
{aj , ak} = {a†j , a

†
k} = 0

{aj , a†k} = δjk.
(12)
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One obtains a Clifford algebra C`(Cr ⊕ Cr) ∼= C`2r.
The role of the Hermitian inner product h consists in allowing the def-

inition of the adjoint of an element u ∈
∧ •Cr.

Note that we don’t need a Hermitian inner product h if we start from∧ •(C∗r ⊕ Cr) rather than from
∧ •(Cr ⊕ Cr), because we can define the

Clifford product, instead of (11), as

(u+ ξ)(v + η) := (u+ ξ) ∧ (v + η) +
1

2
(ξ(v) + η(u)) , (13)

for any u, v ∈
∧ •Cr and ξ, η ∈

∧ •C∗r .
3. The common structure of the weak, color, and spin group

representations

Let us make some remarks surrounding the discussion from Section §2.,
which will lead to a solution of Problems 1, 2, and 3.

Remark 1. The Dirac spinors are represented by
∧ •C2. Left chiral spinors

are represented by
∧−C2, and right chiral spinors by

∧
+C2.

Remark 2. As seen in Table 1, the weak force acts on the odd part
∧

1C2 =∧−C2 of
∧ •C2 (which is not the same instance of

∧ •C2 as the one in
Remark 1). A review of the occurrences of this pattern for the weak inter-
action in a few models, addressing Problem 1, but not Problems 2 and 3,
was presented in [17]

Remark 3. Remarks 1 and 2 suggest that the exterior algebras used to
represent Dirac spinors and the weak interaction are subalgebras of a larger
space. On this space, the representation of SU(2)w should leave unchanged
the elements representing right chiral particles. Since the representation
of SU(2)w on

∧ •C2 gives the correct doublet and singlets, to represent
Dirac spinors we need to double the number of degrees of freedom. The
representation of the Lorentz group, which is included in the Dirac algebra,
should commute with the representation of SU(2)w.

Remark 4. The representations of SU(3)c and U(1)em on the exterior alge-
bra

∧ •C3 and its conjugate are alternating particles with antiparticles (cf.
Table 2).

Remark 5. From Remarks 2 and 4, the representations of the Lie groups
SU(2)w and of SU(3)c should be combined into a larger space. The repre-
sentations of SU(2)w and SU(3)c on this larger space should commute. The
natural combination is the exterior algebra

∧ •C5, which was used in [19].
The groups SU(2)w and SU(3)c were extended to the larger group SU(5),
which is included in Spin(10). The group Spin(10) was used in [18, 15] with
the same

∧ •C5 seen as a representation of Spin(10).

Remark 6. From Remarks 3 and 4, the representations of the Dirac algebra,
of SU(2)w, and of SU(3)c, should be combined into a larger space. The
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representations of the Lorentz group, SU(2)w, and SU(3)c on this larger
space should commute.

Remark 7. The space in Remark 3 can be taken to be C2×
∧ •C2, but also∧ •C1×

∧ •C2, which has the same dimension. The space in Remark 6 can
be taken to be

∧ •C1+2+3, in order to include all representations (which
is larger than

∧ •C5 of the GUT models SU(5) and Spin(10)). Note that,
since the Dirac spinors include the antiparticles, it is enough to take for
the colors either

∧ •C3, or its conjugate, and the same holds for
∧ •C2.

The resulting dimension is the correct one for a generation of leptons and
quarks, including their spin degrees of freedom.

Remark 8. A way to obtain the extended representation from Remark 7 is
to extend C`4 to C`6 (see Appendix B from [24]).

Remark 9. One way to include the exterior algebra
∧ •C6 from Remark 7 is

to extend the Dirac algebra from C`4 to C`12, and to use the representation
of the spinors of C`2r, where r = 6, as in subsection §2.3.. This was
proposed in [4]. The representation on the space of spinors of C`12 was
also used later in [16], where a justification was given in terms of the Dixon
algebra C⊗H⊗O (also see [12]).

Remark 10. There is a more compact way than the Clifford algebra C`12
from Remark 9, which is still as natural. The Clifford algebra C`12 is repre-

sented as complex linear transformations of a 2
12
2 complex vector space, the

space of C`12 spinors. But, according to the algebraic definition of spinors,
spinors are elements of a minimal left ideal of the Clifford algebra. Since
a Clifford algebra C`2r can be decomposed as a direct sum of 2r minimal
left ideals, cf. (10), it follows that the total number of degrees of freedom
representable as algebraic spinors is 2r × 2r. Hence, the number of degrees
of freedom contained in the spinor of C`12 is equal to the number of degrees
of freedom contained in the sum of algebraic spinors (10) of the Clifford
algebra C`6.

A model which represents the degrees of freedom of a generation of
leptons and quarks was proposed in [6]. It includes the electroweak inter-
actions based on C`1,6 ∼= C`1,3 ⊗ C`0,3, and the ideals are interpreted as
representing leptons and quarks, but it seems to lack explicit SU(3)c sym-
metry. In [26, 28, 29, 27], the full symmetries of the Standard Model were
shown to arise in a model based on C`7 ∼= C`3⊗C`4, from the condition to
preserve the current and that the right-handed neutrino is non-interacting
(which means that chiral asymmetry is imposed as a condition, but only for
the neutrino, and it extends automatically to the electron and the quarks).
The theory includes time as a scalar, and instead of four-vectors it em-
ploys paravectors – sums of three-vectors and scalars. While this allows to
define Lorentz transformations, it does it by considering time as a scalar.
In addition to the three space dimensions and the scalar time, which can
be expressed using C`3, there are four extra dimensions up to C`7. The
predicted Weinberg angle is given by sin2 θW = 0.375.
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A model which includes all leptons and quarks, together with their Dirac
spin degrees of freedom, in the minimal left ideal decomposition of C`6, was
proposed in [24]. It shares some common structures, mentioned throughout
this article, with other models, but it is different, and it was obtained inde-
pendently and from different considerations. On the one hand, extending
the Dirac algebra to include the weak symmetry SU(2)w was shown in [24]
to result in C`6. The two actions require

∧ •C3, which can be obtained as
a minimal left ideal of C`6. On the other hand, starting from the remark
that leptons and quarks, and their antiparticles, behave under SU(3)c like
the exterior algebra

∧ •C3 and its conjugate (see Remark 4 and Table 2),
the tensor product of the two algebras

∧ •C3 ⊗
∧ •C3 turns out to be C`6.

This is because the algebra
∧ •C3 used to represent the color SU(3)c can

be obtained as a minimal right ideal of the same Clifford algebra C`6. The
Dirac algebra and the weak SU(2)w act at the left, and the color SU(3)c at
the right, permuting the minimal left ideals. Since they act at the left and
at the right, their actions commute. All minimal left ideals of C`6 are then
used to represent an entire generation of leptons and quarks. Then, the
two ways to reach C`6 correspond to actions on the left and on the right on
the ideal decomposition of the algebra. The chiral preference of the weak
interaction emerges due to the fact that the vector space C3 ⊕ C3 has a
natural orientation due to the Hermitian inner product h, combined with a
geometric symmetry breaking introduced by the action of the Dirac algebra
and of the spin group Spin1,3. This resolves the necessity of introducing
additional Higgs mechanisms of spontaneous symmetry breaking, and gives
the correct number of degrees of freedom, and the correct symmetries, for
a generation.

At the level of matrix representations of the algebras, the real Clif-
ford algebras C`1,6 and C`7, and the complex Clifford algebra C`6, are all
represented by the same matrix algebra C(8), which explains the relation
between the three models [6], [26, 28, 29, 27], and [24]. Note that, while the
Clifford algebra C`6 also occurs in octonion-based models like [22, 12] and
[16], and its ideals are used to index leptons and quarks, and the SU(3)c
and U(1) symmetries result from C`6, the minimal left ideals of this algebra
are not used there to represent the full degrees of freedom of a generation
of leptons and quarks. This makes sense indeed, since in these models octo-
nions are fundamental and dictate the symmetries and the representations,
and C`6 occurs as operators acting on complex octonions. This is why the
model from [16] has to include the full algebra C⊗H⊗O, and the spinor
representation is in terms of C`12, and not on the ideal decomposition of
C`6, despite its important role in the model for classifying the leptons and
quarks.

In the following, I will show in more detail how the considerations made
so far about the relation between chirality and the weak interaction are
realized in the model [24].



306 O. C. Stoica

4. The Standard Model algebra

The construction from equation (11) was used in [24], where we started
from a complex three-dimensional vector space χ of the colors and ob-
tained a representation of a generation of the Standard Model leptons and
quarks, with the correct Dirac, Lorentz, electromagnetic, weak, and strong
symmetries, with all required degrees of freedom, and the correct chiralities.

The representation of the color SU(3)c used in [24] corresponds to the
representation in subsection §2.4. for r = 3. This decomposes the Clifford
algebra C`6 into minimal left ideals as in equation (10), of the form∧

•χ†qq†qk1 . . . qkj , (14)

where (q1, q2, q3) is a basis of the vector space χ, j ∈ {0, 1, 2, 3}, kj ∈
{1, 2, 3}, and {

q := q1q2q3,

q† := q†3q
†
2q
†
1,

(15)

which are nilpotent elements. The elements p := qq† and p′ := q†q are
idempotent. Both the nilpotent and the idempotent elements defined here
are primitive, and can be used to define minimal left or right ideals.

If, in (14), j = 0 or j = 3, the minimal left ideals of the algebra represent
pairs of charged and neutral leptons, and if j = 1 or j = 2 they represent
up or down quarks, respectively their antiparticles. They transform like
the correct singlet, respectively triplet representations of SU(3)c under the
subgroup of the spin group of χ ⊕ χ which preserves the Hermitian inner
product on χ and χ†. This result was based on the results from [13]. The
same was obtained in [16], building on the work of [22, 1, 3], and it is based
on preserving the Witt decomposition, which in our case is χ ⊕ χ. Both
representations of SU(3)c are equivalent and include, in addition to the
color symmetry, the U(1)em electromagnetic symmetry.

Since the right action of SU(3)c is different than the left actions of the
Dirac algebra and of SU(2)w, it is justified to choose, for the minimal left
ideal

∧ •χ†q, a different basis than the one based on qj used to index the
minimal left ideals in (14). The purpose is to make explicit the left actions
of the Dirac algebra and of SU(2)w.

For this, let us define first{
ej = qj + q†j
ẽj = i

(
q†j − qj

)
,

(16)

where j ∈ {1, 2, 3}, and also define{
e := e1e2e3,

ẽ := ẽ1ẽ2ẽ3.
(17)
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We now define {
uu = −ie3ẽ1, u′u = ẽe2,
ud = iẽ, u′d = ie,
u◦ = iẽ2e3, u′◦ = ẽe1,

(18)

where j ∈ {u, d, ◦}, and ωj = 1
2

(
uj + iu′j

)
ω†j = 1

2

(
uj − iu′j

)
,

(19)

The representations of SU(2)w from Table 1 are then spanned by the
various products involving ω†u and ω†d, which are the singlets spanned by
1 and ω†u ∧ ω†d = ω†uω

†
d, and the doublet spanned by ω†u and ω†d. But

since to each particle also correspond two degrees of freedom coming from
the dimension of the Weyl spinor, one needs a way to double the degrees
of freedom, according to Remark 3, and this is provided by 1 and ω†◦.
From Remark 7 we learn that the inclusion of both leptons and quarks
requires the exterior algebra

∧ •C3, which occurs as
∧ •χ, and multiplies

the minimal left ideal at the right.
We consider the minimal left ideal determined by the idempotent ele-

ment p as split into two four-dimensional space of Dirac spinors,{
W0 := spanC

(
p, ω†◦p, ω

†
up, ω

†
uω
†
◦p
)

W1 := spanC
(
ω†dp, ω

†
◦ω
†
dp, ω

†
uω
†
dp, ω

†
uω
†
◦ω
†
dp
)
.

(20)

We also define the following subspace of Weyl spinors,

Ww := spanC

(
p, ω†◦p

)
(21)

Then, a generation of leptons and quarks is classified as in Table 3, as
shown in [24].

By inspecting Table 3, we can see that the degrees of the bases from
the algebras

∧ •C2 and
∧ •C3 used to represent the symmetries SU(2)w

and SU(3)c implement the Remarks from Section §3., by this addressing
the Problems 1, 2, and 3. Full details showing how they transform under
the SU(3)c, SU(2)w, and U(1)em groups are given in [24], which addresses
implicitly the Problems 1, 2, and 3. Here we explained the underlying
mechanisms leading to the fact that the weak force is chiral as we know it
for both leptons and quarks, as well as their antiparticles, which was rather
implicit in [24].
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Particle ν d u e+

Spinor space W0 W0qj W0qjk W0q123
Classifier p pqj pqjk pq123
Electric charge 0 +1

3 +2
3 +1

Chiral space
L ω†uWw Wwqj ω†uWwqjk Wwq123
R Ww ω†uWwqj Wwqjk ω†uWwq123

Weak isospin
L +1

2 0 +1
2 0

R 0 +1
2 0 +1

2

Hypercharge
L −1 +2

3 +1
3 +2

R 0 −1
3 +4

3 +1

Particle e− u d ν

Spinor space W1 W1qj W1qjk W1q123
Classifier q†p q†pqj q†pqjk q†pq123
Electric charge −1 −2

3 −1
3 0

Chiral space
L ω†dWw ω†uω

†
dWwqj ω†dWwqjk ω†uω

†
dWwq123

R ω†uω
†
dWw ω†dWwqj ω†uω

†
dWwqjk ω†dWwq123

Weak isospin
L −1

2 0 −1
2 0

R 0 −1
2 0 −1

2

Hypercharge
L −1 −4

3 +1
3 0

R −2 −1
3 −2

3 1

Table 3: Properties of leptons and quarks in the model based on the Clifford
algebra C`6 from [24].

5. Conclusions

We have seen the underlying mechanisms connecting chirality with the weak
force and the notion of particle-antiparticle. We have seen how these rela-
tions are accounted for by representations on exterior algebras and Clifford
algebras. The chiral preference of the weak interaction does not simply
come from calling the singlet representations right-handed and the doublet
ones left-handed, or from merely adding the subscript L to SU(2), or even
simply declaring that only the left chiral part of the Dirac spinor has to
participate in the weak interaction. This points out to the idea that there
should be an intimate relation between the Dirac spinors and the internal
degrees of freedom, geometric in nature. We have seen that to have an
answer, one has to address Problems 1, 2, and 3, and how these problems
were addressed to various degrees in several models. In all these examples,
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the exterior algebra or the Clifford algebra representations turned out to be
essential. An account of how the weak force turns out to be chiral, which is
implicit and automatically present in the model proposed in [24] was given
more explicitly here.
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[31] P Żenczykowski, From Clifford algebra of nonrelativistic phase space to quarks and
leptons of the Standard Model, Adv. Appl. Clifford Algebras 27 (2017), no. 1, 333–
344.

https://arxiv.org/abs/1702.04336
https://arxiv.org/abs/hep-th/9912231
https://arxiv.org/abs/hep-th/9912231

	Introduction
	Clifford algebra patterns in the Standard Model
	Exterior algebra patterns in the Standard Model
	Dirac spinors and chirality
	Representations of complex Clifford algebras, even dimension
	From the exterior algebra  to Clifford algebra 

	The common structure of the weak, color, and spin group representations
	The Standard Model algebra
	Conclusions

