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Abstract
Based on the results presented in previous work [1, 2] two types of Inönü-

Wigner contraction [3] is presented. After going to gravitational limits [4] the same
Lagrangian is obtained in both cases i.e. Holst action with cosmological constant.
This simplification dose not requite additional constrains to obtain torsionless
condition. One of the contracted algebra is extended by dilation generator, and
because of this the final solution is invariant under conformal resacling.

1. Introduction
In the previous work [1, 2] we presented the constructions of MacDowell–
Mansouri theory in BF formulation (A similar approch has been also pre-
sented e.g. in [4, 5]). We obtained the action which can be interpreted as an
action of two Lorentzian co-frame one-forms. As a solution of equation of
motion one could obtain the linear relation between two of them. Based of
this one soldering form can be distinguished. Another consequence of field
equation is that field associated with dilation generator is identically equal
zero, thus it can be set to zero. The torsion does not vanish by field equa-
tion, therefore the additional constrain is required as discussed in [6]. After
preceding the above steps you can stay with metric dependent Weyl action
with Holst extension and the set of boundary terms [7, 8]. The final theory
is invariant under conformal rescaling of the metric. The aim of this short
paper is to check if the Inönü-Wigner contraction lead to the proper grav-
ity action, as it has been done originally i.e the theory constructed based
on contraction of anti de–Sitter symmetry so(3, 2) algebra to the Poincaré
algebra. The result which can be expected is a gravity action, which can
be invariant under rescaling. This is also the behavior of the final theory
presented in [1, 9]. More over all terms containing scalar field disappear
from theory because of contraction of algebra. Also the torsionless condi-
tion dose not have to be added as a separate constrain but it comes directly
as solution of equation of motion. Just for simplicity the gravitation limit
has been chosen as the simplest one i.e. It was assumed that two co-frame
one-forms are equal.
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2. Construction of the conformal action
The construction of conformal invariant action starts from choosing so(4, 2)
as a group of symmetry. It is well know that this Lie algebra is isomorphic
to the conformal symmetry group Conf(R3,1) of the Minkowski space–time
R3,1 by the relation [10, 11]:

Jij =Mij , J4,5 = D, (1)

J4,j =
1

2
(Pj −Kj) J5,j =

1

2
(Pj +Kj) . (2)

The so(4, 2) algebra is described by the following commutation relations:

[JIJ , JKL] = −i(ηIKJJL + ηJLJIK − ηJKJIL − ηILJJK) , (3)

where I, J = 0, . . . , 5 and ηIJ denotes a pseudo-Euclidean metric of the
signature (−,+,+,+,+,−). In matrix representation it can written as

JIJ =


(

Mij

)  −1
2(Pi −Ki)

  −1
2(Pi +Ki)

(
1
2(Pi −Ki)

)
0 −D(

1
2(Pi +Ki)

)
D 0

 .

(4)

The choise of Anti de–Sitter algebra allows to use MacDowell–Mansouri
mechanism [12] as it was done before by several authors. The mechanism
is based on a gauge field with so(4, 2) gauge symmetry, which is intended
to be broken down to Loretnz symmetry.

As a starting point one can construct a physical viable gauge connection
field

A ≡ AIJJIJ =
1

2
ωijJij +

1

`
f i1J4i +

1

`
f i2J5i +

1

`
φJ45 , (5)

where i, j = 0 . . . 3. Pulling-back this form to a four-dimensional space–
time manifold M4, one should notice that f i1, f i2 can be interpreted as
two Lorentzian co-frame one-forms. Additionally φ has interpretation as
Lorentzian scalar one-form.

In the presented construction it is useful to rescale the generators by
λ, κ i.e. const. complex number

Jij = Mij , J4i = (λ− κ)R1i, J5i = (λ+ κ)R2i, J45 = κD ,
(6)

then the connection (5) becomes

A = AIJJIJ =
1

2
ωijMij +

1

`(λ− κ)
f i1R1i +

1

`(λ+ κ)
f i2R2i +

1

`κ
φD . (7)
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The action is a MacDowell–Mansouri action [12, 13, 14, 15] on a 4-dimen-
sional manifold M4 in formulation of the BF theory [16, 17], and it takes
the form

S =

∫
M4

BIJ ∧ FIJ −
β

2
BIJ ∧BIJ −

1

2
UMN εIJKLMNB

IJ ∧BKL , (8)

where I, J = 0 . . . 5; F ≡ F IJJIJ is a curvature two-form for A (c.f. (5))
and the two-forms BIJ are the components of a Lie algebra valued two-
form B ≡ BIJJIJ . To break symmetry one can assume the components of
a scalar-valued matrix U ≡ UMNJMN in the form:

UMN =


0 · · · · · · 0
...

. . .
...

...
. . . α

2
0 · · · −α

2 0


where α is a real, positive number.

The field equations for the auxiliary fields Bij , Bi4, Bi5 and B45 can be
solved and put back to the action

S =

∫
M4

1

2
(Zijkl)

−1F ij ∧ F kl +
1

β
(F i4 ∧ Fi4 − F i5 ∧ Fi5 − F 45 ∧ F45) (9)

where Zij kl = (βδij
kl+ α

2 εij
kl). One can note that at acion (9) the Immirzi

parameter [18, 19] has been introduced and it has sense as far as Immirzi
parameter γ2 6= −1. At this approach parameters α, β, `, γ are related to
physical (gravitational and cosmological) constants by the following rela-
tions [16, 17]

1

`2
= −Λ

3
, α =

GΛ

3(1+γ2)
, β =

γGΛ

3(1+γ2)
. (10)

Straightforward calculation can show that α ∼ 10−120.
Using algebraic connection field (7) it is possible to calculate the curva-

ture tensor explicitly in analogues to[9, 20]

F ijMij =
(
Rij − 1

`2(λ− κ)2
f i1 ∧ f

j
1 +

1

`2(λ+ κ)2
f i2 ∧ f

j
2

)
Mij (11)

F 45D =
( 1

`κ
dφ− 1

`2(λ2 − κ2)
f j1 ∧ f2j

)
D (12)

F i4R1i =
( 1

`(λ− κ)
Dωf i1 −

1

`2κ(λ+ κ)
φ ∧ f i2

)
R1i (13)

F i4R2i =
( 1

`(λ+ κ)
Dωf i2 −

1

`2κ(λ− κ)
φ ∧ f i1

)
R2i (14)
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where two-form Rij is a space–time curvature of the corresponding Rie-
mann-Cartan connection (see e.g. [13, 14, 15]). After substituting these
curvature tensors into the action (9) one can obtain

S =

∫
M4

1

4

( α

α2 + β2
(
β

α
δijkl − εijkl)

)(
Rij ∧Rkl − 2

`4(λ2 − κ2)2
f i1 ∧ f j1 ∧ f

k
2 ∧ f l2

)
− 2

`2(λ− κ)2R
ij ∧ fk1 ∧ f l1 +

2

`2(λ+ κ)2
Rij ∧ fk2 ∧ f l2

+
1

`4(λ− κ)4 f
i
1 ∧ f j1 ∧ f

k
1 ∧ f l1 +

1

`4(λ+ κ)4
f i2 ∧ f j2 ∧ f

k
2 ∧ f l2

− 1

β`2
( 1

κ2
dφ ∧ dφ− 2

`(λ2 − κ2)κ
dφ ∧ f i1 ∧ f2i −

1

`2(λ2 − κ2)2
f i1 ∧ f2i ∧ f j1 ∧ f2j

)
+

1

β`2(λ− κ)2
(
Dωf i1 ∧Dωf1i −

2

l(λ2 − κ2)κ
Dωf i1 ∧ φ ∧ f2i

)
− 1

β`2(λ+ κ)2
(
Dωf i2 ∧Dωf2i −

2

l(λ2 − κ2)κ
Dωf i2 ∧ φ ∧ f1i

)
. (15)

Similar form of the action has already appeared in [9, 20]. Some algebraic
calculation can separate the boundary terms (i.a. Euler, Pontryagin and
Nieh-Yan) form the action

S =

∫
M4

E4 + P4 +NY4(f1)−NY4(f2)

+
εijkl

2G(λ+ κ)2
Rij ∧ fk2 ∧ f l2+

εijkl
4`2G(λ+ κ)4

f i2 ∧ f
j
2 ∧ f

k
2 ∧ f l2

−
εijkl

2G(λ− κ)2
Rij ∧ fk1 ∧ f l1+

εijkl
4`2G(λ− κ)4

f i1 ∧ f
j
1 ∧ f

k
1 ∧ f l1

−
εijkl

2G`2(λ2 − κ2)2
f i1 ∧ f

j
1 ∧ f

k
2 ∧ f l2

+
1

2G`2(λ2 − κ2)2
f i1 ∧ f

j
1 ∧ f2i ∧ f2j

+
1

β`4(λ2 − κ2)2
f i1 ∧ f2i ∧ f

j
1 ∧ f2j

+
1

Gγ(λ+ κ)2
Rij ∧ f2i ∧ f2j −

1

Gγ(λ− κ)2
Rij ∧ f1i ∧ f1j

+
2

β`3(λ2 − κ2)κ2
Dωf i1 ∧ f2i ∧ φ−

2

β`3(λ2 − κ2)κ2
Dωf i2 ∧ f1i ∧ φ

− 1

β`2κ2
dφ ∧ dφ+

2

β`3(λ2 − κ2)κ2
dφ ∧ f i1 ∧ f2i . (16)

At that point it is more convenient to use a conformal groups isomorphism
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and to change the basis in the algebra by the following transformation:

1

(λ− κ)
f i1 =

1

λ
ei − 1

κ
f i (17)

1

(λ+ κ)
f i2 =

1

λ
ei +

1

κ
f i . (18)

One has to note that in conformal algebra some rescaling is made. It will
turn out later that at gravitational limit this rescaling makes sens.

This choice of rescaling can be equivalent with taking rescaling of con-
formal algebra generators:

D → κD, P → λP, K → κK (19)

A Lagrangian for the action (16) reads now as

S =

∫
M4

E4 + P4 +NY4(e, f)

+
2εijkl
G

Rij ∧ ek ∧ f l+
4εijkl
`2G

ei ∧ f j ∧ ek ∧ f l

+
2

G`2
ei ∧ ej ∧ fi ∧ fj−

4

β`4
ei ∧ ej ∧ fi ∧ fj

+
4

Gγ
Rij ∧ ei ∧ fj

+
2

β`3κ
Dω(ei ∧ fi) ∧ φ

− 1

β`2κ2
dφ ∧ dφ+

4

β`3κ2
dφ ∧ ei ∧ fi . (20)

one can notices that the equation (20) has been already obtained within a
bigravity approach, as presented in [21]. Since the co–frame ei is associated
with the Poincaré translation generators (soldering form), the solution of
equation of motion shows the linear realtion between fields ei and f i [9] i.e.

f iµ = −6Riµ +Reiµ = F
(
e(x)

)
eiµ . (21)

Equation (21) describe a special choice of gravitational limits i.e. f i =
F(x)ei, where F is some function of space–time. 1 It is also possible to
make a simpler choice of function F i.e. F(x) = 1 [4], and take limit κ→∞

1Some rescaling of field f iµ = −3Riµ + 1
2
Reiµ can give some impression that r.h.s. of

this eq. is similar to r.h.s of Ricci flow equation.
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the action (20) reads

S =

∫
M4

E4 + P4 +NY4

+
2εijkl
G

Rij ∧ ek ∧ el+
4εijkl
`2G

ei ∧ ej ∧ ek ∧ el

+
4

Gγ
Rij ∧ ei ∧ ej .

The equation of motion are standard Einstein equation and torsionless equa-
tion. The following gravity limit as well as limit of κ → ∞ leads to two
modification of conformal algebra for λ = 1

[D,Pi] = 0 , (22)
[Pi,Pj ] = −2iηijD , (23)
[Mij ,Pk] = −i(ηkiPj − ηkjPi) , (24)
[Mij ,Mkl] = −i(ηikMjl + ηjlMik − ηjkMil − ηilMjk) , (25)

and for λ = κ

[D,Pi] = 0 , (26)
[Pi,Pj ] = 0 , (27)
[Mij ,Pk] = −i(ηkiPj − ηkjPi) , (28)
[Mij ,Mkl] = −i(ηikMjl + ηjlMik − ηjkMil − ηilMjk) . (29)

Algebra (26-29) is a Poincaré algebra as algebra (22-25) is Poincaré algebra
extended by generator D. Some one can note that Lagrangian dose not
depend on λ any more, therefore it both cases Lagrangian is invariant under
symmetries induced from both chose of algebras. Especially in case λ = 1
it is invariant under symmetry generated by D.

3. Summary

The construction from [1] has been taken as starting point. But then the
two types of very simple contractions has been presented on algebra level
as well as action level. The obtained theory has a form of gravity with two
co-frame feild without interaction term between them. Then gravitational
limit has been proposed i.e. to make this two co-frame equal. The final
theory is exactly the same action as obtained in [16, 17] i.e. Holst action
with cosmological constant and boundary term [7, 8]. The main difference
is that one of contraction contains trivial extension by dilation generator.
Gauge symmetry base on it is conserved.
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