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Large cosmological observational findings:
m High orbital speeds of galaxies in clusters. (F.Zwicky, 1933)

m High orbital speeds of stars in spiral galaxies. (Vera Rubin, at
the end of 1960es)

m Accelerated expansion of the Universe. (1998)
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There are two problem solving approaches:
m Dark matter and energy

m Modification of Einstein theory of gravity

|
Ruv — %ng, =81GT,, —Ngu, c=1

where T, is stress-energy tensor, g,,,, are the elements of the metric
tensor, R, is Ricci tensor and R is scalar curvature of metric.
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m If Einstein theory of gravity can be applied to the whole Universe
then the Universe contains about 4.9% of ordinary matter,
26.8% of dark matter and 68.3% of dark energy.

m It means that 95.1% of total matter, or energy, represents dark
side of the Universe, which nature is unknown.

m Dark matter is responsible for orbital speeds in galaxies, and dark
energy is responsible for accelerated expansion of the Universe.
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o Bl Motivation for modification of Einstein theory of gravity

m The validity of General Relativity on cosmological scale is not
confirmed.

m Dark matter and dark energy are not yet detected in the
laboratory experiments.

m Another cosmological problem is related to the Big Bang
singularity. Namely, under rather general conditions, general
relativity yields cosmological solutions with zero size of the
universe at its beginning, what means an infinite matter density.

m Note that when physical theory contains singularity, it is not

valid in the vicinity of singularity and must be appropriately
modified.
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There are different approaches to modification of Einstein theory of
gravity.

m Einstein General Theory of Relativity

From action S = / 16-C — Ly — 20\)\/—gd*x using variational

methods we get field equations
|
(R = %Rgm, =8rGT,, —Nguw, c=1

where T, is stress-energy tensor, g,,,, are the elements of the metric
tensor, R, is Ricci tensor and R is scalar curvature of metric.
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Nonlocal gravity is a modification of Einstein general relativity in
such way that Einstein-Hilbert action contains a function f(OJ, R).
Our action is given by

Ivan Dimitrijevi¢

S= ﬁ/(R—2/\+\/R—2A]~'(D)\/R—2A)\/—_gd4x

where O = F Ouv/—gg"ro,, F(O ZfD"

We use Friedmann-Lemaitre-Robertson- Walker (FLRW) metric

ds? = —dt? + a2(t)(14s + r2d6? + r?sin® 0d¢?), k € {~1,0,1}.
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1 1 Guv + Nguw
— 58uVR=2AFO)VR=2A+ R W — Ky W + 5y, = —’“‘1677@@,
oo n—1
Q=Y £ Suw(@VR-2A,0""'VR-2A),
n=1 1=0

K;w = Vuvu - g/,u/l:l>
Suw(A, B) = g,,V*AV,B — 2V, AV, B + g, ACB,
1

— ﬂJE(D)\/M.
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|
In case of FRW metric there are two linearly independent equations.
The most convenient choice is trace and 00 equations:

—2VR—2AF(D) R—2A+RW+3DW+%Q:%,

T
l\/R_z/\f(m)\/re—2/\+R W — KooW + 200 — — 0 =1
2 00 00 2 00 — 167TG’

Q=g" Q.
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At first we analyze the ansatz O(R 4+ Ry)™ = p(R + Ro)™,
m, p, Ry € R.
Scale factor is in the form

a(t) = Athe 1t
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Ansatz in the expanded for is

— 648mn?(2n — 1)>(2m —3n+1) = 0,

—324n(2n — 1) (—ym + 6ymn? — 4ymn — mnRy + mRy + 2n%r — nr) =0,
18n(2n — 1) (8W2m2 —13v2m + 129%2mn — 3ymRy + 24ynr + 6yr — 6rRo) =0
—293m — 2473 mn® — 14y3mn + 692 mnRy + 272 mRy + 7272 nr + 124%nr

— 24ynrRy + 37%r — 6yrRy + 3rRZ = 0,

—~? (4fy2m2 +~%m +18v2mn — 3ymRy — 24ynr — 6yr + 6rR0) =0,
—4*(r—ym) =0.

There are five solutions of the above system

p=my,n=0, Ry =7, m:%

p=my, n=0, Rozé,m:
p:mfy,nzl,Rozgy,m:l
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2 Y an o F (2
F(3)=0. S H+aA-1F(3) =0,
1+ 7(3) =0, 7 +72F(F) =0,
and 5 1
107 g
— ) = —_— —/\ - — ) =
1+ F(3) =0, 7V +7PF () =0.
The solution is
6
FQ)=-1  F(F)=0  y=—2A
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m We take the scale factor in the form a(t) = At” exp(—75t2).
m Ansatz is in the form O(R + Ry)™ = r(R+ Ro)™.

m Ansatz has two solutions, for m = 1

5-

m In case n =0, m = 3 there is unique solution F(%) = —1,
F'(%) =0 where y = A.

m In case n= 2, m =1 there is unique solution 7(}) = —1,

F'(3) =0 where A = —%+.
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m We take the scale factor in the form a(t) = Aexp(At), k # 0.

m This scale factor satisfies the ansatz (v/R — 2A = %\/R —2A,
for A = 62

m EOM are satisfied for ]-"(%) =1, ]—"’(%) =0.

m There are two solutions for A = :t\/%,
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m From EOM we obtain that R = 4A.

Depending on the sign of A we have the following scale factors. If A
is positive then

m a(t) = AetV3t k=0,

ma(t) = \[coshft k=1,
ma(t) = \/% sinh \/;t| k=-1.

On the other hand if A is negative then there is one solution

a(t) = \/—2|cos/—2t| for k = —1.
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The EOM can be rewritten in the form

Guy + Ny = 87G T
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Corresponding effective density and pressure are

A 9 9
o= (2A2) T oA = ) = - (2A2 1),
& 127rG<(t) Tt 14)””1 567rG<7t
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Figure: Scalar curvatures for scale factors a1, a>

Scalar curvatures for these solutions are given by

4 22
Ry =-t2+2A
1 3 + 7 +

4
R, = 2A + §/\21r2.

12

A2t2
49" "
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m Hubble parameter Hy = 67.40km/s/Mpc,
m Age of the universe to = 13.801 - 10°years,

m Matter density parameter Q,,, = 0.315,
m A density parameter 4 = 0.685,

m ratio of pressure to energy density wy = —1.03.
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Using Planck values for Hy and ty and

2 1
H(t) = — + =At 1
(1) = 5 + 7/t (1)

we get
A=1.05-10"%s2 (2)

Also, one gets that the minimum of the function H(t) is
H., = 61.72km/s/Mpc at t, = 21.1 - 10°years.
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Similarly, from
a’(t) 2 5, NN
=——t "4+ -4+ —, 3
A 98 T3t g (3)
we get that accelerated expansion of the Universe started at
t, = 7.84 - 10%years or in other words 5.96 - 10°years ago.
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Let p. be critical density and p = p(to).Then
Q = 0.265. (4)
For the visible matter we take Q, = 0.05 and then

An=1-Q-Q, =0.685. (5)
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