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Introduction

@ Renormalizability and unitarity are requiremets that can hardly be
reconciled within a consistent theory of quantum gravity.

o Einstein-Hilbert gravity is non-renormalizable, but, if we include infinitely
many counterterms, it is pertubatively unitary.

e Renormalizable higher-derivative theories of gravity (e.g. Stelle’s
quadratic theory) can be attained, but are generically expected to be
non-unitary.

@ Recently, [Camanho, Edelstein, Maldacena, Zhiboedov,’16] it has been
argued that higher-derivative corrections to the 3-graviton coupling in a
weakly coupled theory of gravity are constrained by causality.

Stefano Giaccari Causality in nonlocal gravity 2/18



Weakly nonlocal gravity

We consider the model

2
Sg = K2 /dDmV —g[R+ Guy(@)RY + V(R)], (1)
where (o0 =3 )
eH(al:l) 1

e exp H(z) is asymptotically polynomial
+N+1 D
exp H(z) — |z|" for |z| = 400, v = bR (3)

with 2N 4+ 4 = Dgyen or 2N +4 = D, qq + 1, to guarantee the locality of
counterterms.

o V(R) ~ O(R?), but quadratic in the Ricci tensor, is a local potential
containing at most 2y + 2N + 4 derivatives.
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Super-renormalizability and finiteness

e By standard power-counting

_ 1 ! 1%
(1) A [ (@)t <p27+p) (> *P)

we get the degree of divergence w(G) = Deyen — 27(L — 1) and
W(G) = Doga — 2y + 1)(L — 1).

o if ¥ > (Doagq — 1)/2, no divergences!

@ if ¥ > Deyen/2, only 1-loop divergences !

e Some terms in V(R) can be used as “killers” of the 1-loop divergences.
For example, in D = 4, the two terms

81R2D772(R2), SQR#VRMVD772(R;70RPU)7 (4)

modify the beta-functions for R and wa by a contribution linear in s;
and so, making it possible to have them vanishing. The killer terms
should be in general at least quadratic in the Ricci tensor.
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Perturbative unitarity

o In the harmonic gauge (0,h*" = 0)

P2 P(0)

-1
O~ k2eH(B2/A%) (D — 2) k2eH(K?/A%) (5)

No ghosts appear if H(z) are entire functions with no poles.

@ The usual analytic continuation from Euclidean to Minkowski cannot be
performed due to thebehavior at infinity of exp H, but
[Modesto,Briscese,2018], [Pius,Sen,2016] still the ordinary Cutkosky rules
can be derived and it is possible to prove at all perturbative levels the
unitarity relation

Top — Tjpy =1 TiTea (6)
C
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Quadratic gravity

The most general gravity action quadratic in the curvatures is
Sy = —2kp} / dPx /=g (R + %R+ R, + 74GB> : (7)

Major advantages

e GB gives no contribution to the propagator for any D (neither to the
vertices in D = 4, being topological )

o expanding around a flat background (R = R = R{),, = 0), vertices
are greatly simplified by the relationships 4/ —g(l) =RM = R,(}y) = 0 valid
for on-shell legs.

@ Three level amplitudes with all external legs on graviton shell are
calculable by standard techniques
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Scattering amplitudes for Stelle’s theory

Born approximation four graviton scattering amplitudes in the center-of-mass
reference frame, s = 4E? | t = —2E? (1 — cosf) and u = —2E? (1 + cos )

A+, +4) = A (4, 44) + A (4, +4) + Ay (4, +4) + Acontacs (++, +4)
2 1
=2 (—-= | E? ,
‘ ( ni) sin? @

o The amplitude doesn’t have the expected UV behavior ~ E* and is the
same as the one determined in Einstein gravity by dimensional analysis
and symmetry arguments. This is the result of non-trivial cancellation
between the massive poles in the propagator and the three-graviton
vertices and between the contact and exchange diagrams.

@ Our result is consistent with the fact that in the absence of the Einstein
term we are left with scale invariant terms whose contribution to
amplitudes for dimensionless particles is vanishing.
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For D > 4 the Gauss-Bonnet term contributes the vertices

AP=P (44, +4)

.2 { 16E°97 [1 4+ 8E” (3(70 — 7a) + (2 + 474))] oz 1]
"2 | (1= 4By + 470)) B+ 4EZ (16(70 — 72) + 5(72 + 47a))] sin” 0 |

AP=8 (44, +4)

2 { 8E99] [1+8E” (3(v0 — 1) + (32 + )] e L]

TR (T 4E2 (s + dy)) [T+ 22 (10070 — 7a) + 3(72 + 472))] sin? 6 |

e In D > 4 the expected linear term in -4 is absent due to a non trivial
cancellation between contact and exchange diagrams.

e In D > 4 the dependence on v} and v} is due to the fact that in exchange
diagrams the massive poles cannot cancel with the three-graviton vertices
of GB. This is associated to the dependence on arbitrary power of E in
the IR.
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Scattering amplitudes for weakly nonlocal gravity

If 75 = 70(0), ¥4 = 73(0) and 74 = 0,

9 t(s +t)
8

s

9 9
Ag (44, +4) = —2n7 2 ( + 72 (s + s +207) + gs%o(s)) ) ®

s 1 (53 —552t—st2+t3) (s +1)2
Ap(Ht +H) = =267 [ —=

8 s3t
1 (25% = 10538 — 5242 4 4543 +t,4)(s+t)2 1 t2(s + )%
+—72(t) + -vo(t) ————— | » (9)
16 s4 8 s4
s 1 (s3 —552u — su? + u3) (s +u)?
Au (4, +4+) = =272 [ ==
8 s3u
1 (234 — 103w — s2u2 + 4sud + u4) (s+uw)?2 1 w2(s + u)?
+ 2 (w) + —vo(u) ————— |, (10)
16 s4 8 s4
_ 1% 43¢ —2s3 — ¢4 9 9
Acontact (44, +4) = —2r; 2 (——% —— 2 (s® + (s +20%) = =570 (s)
4 s 32 8
1 (254 — 1053t — 5242 4 4st3 + t4> (s+t)2 1 t2(s + )4
——2(t) ——70(
16 s4 8 s4
1 (254 — 1083w — s2u2 + 4sud + 74,4) (s+w?2 1 u2(s + )t
2 (w) - — oW | . a1
16 s 8 s
The cancellation of poles occurs separately in each channel
A(++, +4) = A(++, ++)en - (12)
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A field redefinition theorem

Given two actions S’(g) and S(g) such that

S'(g9) = S(9) + Ei(9)Fi;(9)E;(9), (13)

where F;; can contain derivatives and E; = §5/dg;, there exist a field
redefinition

gi=0gi+AiE; Ay = Ay, (14)

such that, perturbatively in F' and to all orders in powers of F', we have the
equivalence

S'(g) = S(g')- (15)

@ The theorem states the equivalence of the two theories only
perturbatively in F. In particular the two theories are clearly different if
S’(g) has additional poles wrt S(g’).

@ The theorem in particular applies to tree-level amplitudes whenever the
external legs are on the mass-shell shared by the two theories.
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Implications for higher derivative theories

@ Any higher derivative gravity theory which can be recast in the form

S'(9) = Sen(9) + Ryuw (9)F"*7 (9) Rpo (9) - (16)

with F#07 = givgras, (0) + 909", (0) + V (R, Ric, Riem, V)",
shares the same n-graviton on-shell tree-level amplitude as Sgp(g).

o If we neglect finite contributions to the quantum effective action, this
result can be applied to all finite weakly nonlocal theories with v4(00) = 0
and killers of the kind R?007~2(R?) and R,,, R*['~?(R,,R"). It also
applies to 1-loop super-renormalizable theories in D = 4, while in general
terms giving non vanishing contribution will be generated in
renormalizable and super-renormalizable theories for D > 6.

e More in general the theorem applies whenever the finite contributions to
the quantum effective action can be cast in such a way as to be at least
quadratic in the scalar curvature and Ricci tensors.
= Higher derivatives terms contain crucial physical information about
the UV behavior, but, at least in some cases, look quite elusive
observationally.
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Causality: Shapiro’s time delay

@ One possible definition of causality [Gao,Wald,’00] is that we cannot send
signals faster than what is allowed by the asymptotic causal structure of
the spacetime.

o We want to probe the scale Ap;, < b < £,.
o In the limit /s << 1 (but large s) we consider the Eikonal approximation

1Ak = 2s/dD_2ge_i‘i'g {ei‘s(l”s) — 1] , (17)
where the phase is given by
1 dP727 % -
(5((),5) = %/Wequtree(S7—q2). (18)

The result is independent on the particular theory (higher derivative or
weakly non-local)
Shapiro’s time delay is:

At = 20p6(E,b). (19)

where E is the energy of the probe-particle.
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Causality Violation in Gauss-Bonnet gravity

e For the theory

2
L= = [R+ Acn(Rpupr B = 4R, R + BY)] (20)
D

we have A; = Aign + Aigs, where

87Gs?
A =~ — P (61 '63)(62 : 64)
2 2
KHAGBS
~ D/\GB v _p “iv p
AtGB ~ 7t (k2 k’4 €9, €4pp€1 * €3 + kl k3 €1,€3pu€2 " 64) .

@ One can find (7 = b/b)

Atg_gp = prﬁ(el “€1)(e2 - €2)
T2
Nee(D—2)(D—14) [(n-e)?  (n-e)? 2
1+ b2 <E1~61 + €2 - €2 _D2)](21)

which can be negative for b? < Agg.
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Causality in pure nonlocal gravity

e The leading four-graviton amplitude in the Regge limit is:

81Gs?
ANL(++, ++) = Ag(++,++) = — Wts :

@ The phase and Shapiro’s time delay are respectively:

' (24) Gs
6g(b7 S) = (Dg4 ) pD—4 (61 : 63)(62 : 64) ’
T2
I (Z2) 16EG
Atg = %I)D——‘l (e1-€3)(e2 - €4).
T2

no time advance = no causality violation

(22)
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Scalar field in nonlocal gravity

o In the limit ¢ < s the leading contribution comes from the amplitude in
the t-channel, namely

e For the form factor e~

d(b, s)srr = Gs

1

S:%

2

Ay(s, 1) ~ fswa%e*fm) . (25)

d3(j' i
/(2#)3eqb‘4t(s’_

o

Erf(b/2(,)
b b

o It reduces to the one in Einstein’s
theory for b > ¢, namely

0(b, s)srT

%

Gs
6EH(ba S) = T

Stefano Giaccari

_ 2Gs sin(bq)

72 _H(_qz)
q°) q by e . (26)

30

00l
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General causal nonlocal theories

o Any nonlocal theory that is tree-level equivalent to a causal local one is
causal too. Given a causal (possibly local) theory, the field redefinition
theorem provides an algorithm for constructing a full class of higher
derivative (even non-local) causal theories.

o A remarkable example

=2 G — D12 o)) oo (G ED(pa o
_% R+ MV_?( ;UJ+ pa) g PU_7( po’+ pa’)

1 1
~ "+ Y F AN FP 4 o 6(0 = m?)6 + ¢(0 = m?) F* (O - m?)e,

where

1 e 1
FHv:po — WP VO T Y PO
e = (oo g ) (22221,

1 [eHa®) 1 1
A A o v
F* = 5 (I:I) T, = Fu.Fj — ZFWFH .
1 [ eHe(@-m*) _q 1
Fo = 5 (DmQ ) T;fy = 0,90, — 59,“,(8)\@9)‘4/) + m2¢2) :
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Conclusions

e In recent years, nonlocal theories have proved to be much more treatable
than expected. In particular, such issues like quantum renormalizability
and perturbative unitarity seems to be not unreconcilable.

o In particular, we can choose which kind of higher derivative terms can
show up using for example causality as a guide principle.

e Similar method can be applied to N = 1 nonlocal supergravity.

e Future directions of research can be N > 1 nonlocal supergravites, role of
conformal symmetry in achieving finiteness, singularity-free solutions, etc.
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