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Overview

1. Bosonic string

2. Symmetry generators and generalized currents

3. Courant, twisted Courant and Roytenberg brackets

I This presentation is mostly based on the paper arXiv:1903.04832 by
Lj. Davidovic, I. Ivanisevic, B. Sazdovic



Action

I Action for closed bosonic string moving in the coordinate dependant
background:

S [x ] = κ

∫
Σ

d2ξ
√
−g
[
(

1

2
gαβGµν(x)+

εαβ√
−g

Bµν(x))∂αx
µ∂βx

ν+Φ(x)R(2)
]

I If the dilaton field is taken to be zero, action can be rewritten using
the light-cone coordinate system ξ± = 1

2 (τ ± σ), ∂± = ∂0 ± ∂1 in
conformal gauge gαβ = eFηαβ :

S [x ] = κ

∫
Σ

d2ξ∂+x
µΠ+µν [x ]∂−x

ν , Π±µν [x ] = Bµν [x ]± 1

2
Gµν [x ]



Hamiltonian

I Canonical momenta:

πµ =
∂L
∂ẋµ

= κGµν(x)ẋν − 2κBµν(x)x ′ν

I Hamiltonian is the Legendre transform of the Lagrangian

HC =
1

2κ
πµ(G−1)µνπν − 2x ′µBµν(G−1)νρπρ +

κ

2
x ′µGE

µνx
′ν ,

where GE
µν = Gµν − 4(BG−1B)µν is the effective metric.

I Hamiltonian can be rewriten as a function of some currents j±µ:

HC =
1

4κ
(G−1)µν

[
j+µj+ν + j−µj−ν

]
,

j±µ(x) = πµ + 2κΠ±µν(x)x ′ν

I Currents can be rewritten in the following form:

j±µ = iµ ± κGµνx ′ν , iµ = πµ + 2κBµνx
′ν



T-duality

I T-duality is an equivalence of two seemingly different physical
theories in a way that all observable quantities in one theory are
identified with quantities in its dual theory.

I Duality transformations are not symmetry transformations - action is
not invariant.

I Example: closed bosonic string with one dimension being
compactified to a circle

I Mass spectrum:

M2 =
K 2

R2
+ W 2 R

2

α′2
,

I Spectrum remains invariant under exchange K ↔W and R ↔ α′

R

I Momenta in one theory are winding numbers in its T-dual theory
and vice versa.



T-duality

I Coordinates and momenta relation:

πµ ' κx ′µ

I T-duality transformation laws for background fields:

?Gµν = (G−1
E )µν , ?Bµν =

κ

2
θµν

θµν = − 2
κ (G−1

E BG−1)µν is the non-commutativity parameter.

I Currents transformation under T-duality:

iµ ' κx ′µ + κθµνπν ≡ kµ,

j±µ ' kµ ± (G−1
E )µνπν ≡ ?jµ+



Generalized currents

I So far we have introduced two types of currents:

j±µ = iµ ± Gµνκx
′ν , HC =

1

4κ
(G−1)µν

[
j+µj+ν + j−µj−ν

]
,

?jµ± = kµ ± (G−1
E )µνπν , HC =

1

4κ
GE
µν

[
?jµ+

?jν+ + ?jµ−
?jν−

]
I Consider two sets of generalized currents:

JC (ξ,ΛC ) = ξµ(x)iµ + ΛC
µ (x)κx ′µ,

JR(ξR ,Λ) = ξµR(x)πµ + Λµ(x)kµ.

I These generalized currents are mutually T-dual

iµ ' kµ, κx ′µ ' πµ −→ JC (ξ,ΛC ) ' JR(ξR ,Λ)



Generalized currents

I Aforementioned generalized currents are special cases of

J(ξ,Λ) = ξµπµ + Λµκx
′µ.

ΛC
µ = Λµ + 2Bµνξ

ν , J(ξ,Λ)→ JC (ξ,ΛC )

ξµR = ξµ + κθµνΛν , J(ξ,Λ)→ JR(ξR ,Λ)

I This current is self T-dual.

I It is related to symmetry generators.



General coordinate transformations
I Action of general coordinate transformations on background fields:

δξGµν = LξGµν ,
δξBµν = LξBµν ,

where Lie derivative Lξ = iξd + diξ represents the change of a
tensor field along the flow defined by the vector field ξ.

I General coordinate transformations are generated by

GGCT (ξ) =

∫ 2π

0

dσξµ(x)πµ .

I The Poisson bracket algebra of generators gives rise to the Lie
bracket

{GGCT (ξ1), GGCT (ξ2)} = −GGCT ([ξ1, ξ2]L).

I Lie bracket is defined as the commutator of Lie derivatives

[ξ1, ξ2]L = Lξ1Lξ2 − Lξ2Lξ1 .



Local gauge transformations

I Action of local gauge transformations on background fields:

δΛGµν = 0,

δΛBµν = ∂µΛν − ∂νΛµ

I Generator of local gauge transformation:

GLGT (Λ) =

∫
dσΛµκx

′µ.

I Generator of general coordinate transformations and local gauge
transformations:

G(ξ, Λ) =

∫
dσ
[
ξ
µ
πµ + Λµκx

′µ
]

=

∫
dσ(ΛT )MΩMNX

N
.

ΛM =

(
ξµ

Λµ

)
, XM =

(
κx′µ

πµ

)
,ΩMN =

(
0 1
1 0

)
.

I Generator G(ξ,Λ) is self T-dual.



Courant bracket

I Poisson bracket algebra:

{G(ξ1,Λ1), G(ξ2,Λ2)} = G(ξ,Λ)

ξµ = ξν2 ∂νξ
µ
1 − ξ

ν
1 ∂νξ

µ
2

Λµ = ξν2 (∂νΛ1µ − ∂µΛ1ν)− ξν1 (∂νΛ2µ − ∂µΛ2ν)

I The above relation can be rewritten in the following form:

{G(ξ1,Λ1), G(ξ2,Λ2)} = −G([ξ1 + Λ1, ξ2 + Λ2]C ),

I Generators algebra gives rise to the Courant bracket in the same way
that general coordinate transformations generators algebra gives rise
to the Lie bracket.

I Courant bracket is the operation on the direct sum of the tangent
bundle and the vector bundle of 1-forms.



Courant bracket

I Courant bracket:

[ξ1 + Λ1, ξ2 + Λ2]C = [ξ1, ξ2]L + Lξ1 Λ2 − Lξ2 Λ1 −
1

2
d(iξ1 Λ2 − iξ2 Λ1)

I Courant bracket is not Lie bracket, since it does not satisfy the
Jacobi identity.

[[ξ1 + Λ1, ξ2 + Λ2]C , ξ3 + Λ3]C + cyclic = dNij(ξ1 + Λ1, ξ2 + Λ2, ξ3 + Λ3)C

Nij(ξ1 + Λ1, ξ2 + Λ2, ξ3 + Λ3)C =
1

3
< (ξ1 + Λ1, ξ2 + Λ2)C , ξ3 + Λ3 > +cyclic

< ξ1 + Λ1, ξ2 + Λ2 >=
1

2
(ξ1(Λ2)− ξ2(Λ1))



Change of parameter

I Change of parameter: ΛC
µ = Λµ + 2Bµνξ

ν .

I This correspond to B-transformation:

eB̂ =

(
1 0

2B 1

)
, ΛM → (eB̂)MNΛN

I Generator can be rewritten with new parameters in a new basis

GC(ξ,ΛC ) =

∫
dσ
[
ξµiµ + κΛC

µx
′µ
]
, iµ = πµ + 2κBµνx

′ν

I Generator GC can be seen as a charge corresponding to the
generalized current JC (ξ,ΛC ) = ξµiµ + ΛC

µκx
′µ.



Twisted Courant bracket
I H-flux:

{iµ(σ), iν(σ̄)} = −2κBµνρx
′ρδ(σ − σ̄),

where Bµνρ = ∂µBνρ + ∂νBρµ + ∂ρBµν is Kalb-Ramond field
strength.

I Poisson bracket algebra:

{GC(ξ1, ΛC
1 ), GC(ξ2, ΛC

2 )} = GC(ξ, ΛC )

ξ
µ = ξ

ν
2 ∂νξ

µ
1 − ξ

ν
1 ∂νξ

µ
2

Λµ = ξ
ν
2 (∂νΛC

1µ − ∂µΛC
1ν)− ξν1 (∂νΛC

2µ − ∂µΛC
2ν)− 2κBµνρξ

ν
1 ξ

ρ
2

I The above relations can be rewritten in the following way:

{GC(ξ1,Λ
C
1 ), GC(ξ2,Λ

C
2 )} = −GC([ξ1 + ΛC

1 , ξ2 + ΛC
2 ]B).

I Change in bracket corresponds to the twisting of the Courant bracket
by 2Bµν . The difference between twisted and untwisted bracket:

[eB (ξ1 + Λ1), eB (ξ2 + Λ2)]C − eB [ξ1 + Λ1, ξ2 + Λ2]C = iξ1
iξ2

B

I Expression for twisted Courant bracket:

[ξ1+ΛC
1 , ξ2+ΛC

2 ]B = [ξ1, ξ2]L+Lξ1
ΛC

2 −Lξ2
ΛC

1 −
1

2
d(iξ1

ΛC
2 −iξ2

ΛC
1 )+H(ξ1, ξ2, .), H = 2dB



Change of parameter

I Change of parameter: ξµR = ξµ + κθµνΛν
I This correspond to β-transformation for β = κθ:

eβ̂ =

(
1 κθ
0 1

)
, ΛM → (eβ̂)MNΛN

I Generator can be rewritten with new parameters in a new basis

GR(ξR ,Λ) =

∫
dσ
[
ξµRπµ + Λµk

µ
]
, kµ = κx ′µ + κθµνπν .

I T-duality relation: GR(ξ,ΛC ) ' GC(ξR ,Λ).

I The generator GR can be seen as the charge corresponding to
generalized current JR(ξR ,Λ) = ξµRπµ + Λµk

µ.



Roytenberg bracket

I Q and R flux:

{kµ(σ), kν(σ̄)} = −κQ µν
ρ kρδ(σ − σ̄)− κ2Rµνρπρδ(σ − σ̄),

where Q µν
ρ = ∂ρθ

µν , Rµνρ = θµσ∂σθ
νρ + θνσ∂σθ

ρµ + θρσ∂σθ
µν .

I Generators algebra give rise to the Roytenberg bracket:

{GR(ξR1 ,Λ1), GR(ξR2 ,Λ2)} = −GR([ξR1 + Λ1, ξ
R
2 + Λ2]R),

I Roytenberg bracket is a generalization of Courant bracket, obtained
by twisting the Courant bracket by some bi-vector Π. It differs from
the Courant bracket by a following term:

[eΠ(ξ1 + Λ1), eΠ(ξ2 + Λ2)]C − eΠ[ξ1 + Λ1, ξ2 + Λ2]C

I Poisson bracket algebra gives rise to the Roytenberg bracket,
obtained by twisting the Courant bracket by a bi-vector Πµν = κθµν .



Roytenberg bracket

I Roytenberg bracket:

[ξ1 + Λ1, ξ2 + Λ2]R =[ξ1, ξ2]L + Lξ1 Λ2 − Lξ2Λ1 −
1

2
d(iξ1Λ2 − iξ2Λ1)−

HΠ(ξ1, ξ2) + ΠH(Λ1, ξ2, .)− ΠH(Λ2, ξ1, .)

(Lξ2Λ1 − Lξ1 Λ2 +
1

2
d(iξ1Λ2 − iξ2Λ1))Π+

Λ2ΠH(Λ1, ., ξ2)− Λ2ΠH(Λ2, ., ξ1)− [Λ1,Λ2]Π+

Λ2ΠH(Λ1,Λ2, .)− [ξ2,Λ1Π]L + [ξ1,Λ2Π]L+(1

2
[Π,Π]S − Λ3ΠH

)
(Λ1,Λ2, .) + H(ξ1, ξ2, .)

I Koszul bracket is a generalization of the Lie bracket on the space of
differential forms [ξ, η]Π = LΠξη − LΠηξ + d(Π(ξ, η))

I Schouten-Nijenhuis bracket is a generalization of the Lie bracket on
the space of multivectors: [Π,Π]S |µνρ = εµνραβγΠσα∂σΠβγ



Questions?


