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OVERVIEW

1. Bosonic string
2. Symmetry generators and generalized currents
3. Courant, twisted Courant and Roytenberg brackets

» This presentation is mostly based on the paper arXiv:1903.04832 by
Lj. Davidovic, I. Ivanisevic, B. Sazdovic



ACTION

» Action for closed bosonic string moving in the coordinate dependant
background:
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» If the dilaton field is taken to be zero, action can be rewritten using

the light-cone coordinate system {* = (7 £ o), 91 = 0o £ 0y in
conformal gauge gos = e as:

Six) = /Z FPEVE|(58°° Gun (x) - By () Box* +0()R)]

S = # /z AP0 X T XX, Malx] = Bunlx] £ %GW[X]



HAMILTONIAN

» Canonical momenta:

oL

O OxH

Ty = kG (X)X — 2B, (X)X

» Hamiltonian is the Legendre transform of the Lagrangian
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chﬂ

w#(Gfl)’“’wV — 2X’“BW(G*1)”p7rp + gX’”nyx”’,

where GZ, = G, — 4(BG™'B),, is the effective metric.
» Hamiltonian can be rewriten as a function of some currents ji,:

1

Hc:&

(G_l)lw j+uj+1/ +j—uj—u )
Japu(X) =+ 26040 (X)X
» Currents can be rewritten in the following form:

Jap =y £ KGLX"Y, iy, =7, + 268, X"



T-DUALITY

» T-duality is an equivalence of two seemingly different physical
theories in a way that all observable quantities in one theory are
identified with quantities in its dual theory.

» Duality transformations are not symmetry transformations - action is
not invariant.

» Example: closed bosonic string with one dimension being
compactified to a circle

» Mass spectrum:

. . . ’
» Spectrum remains invariant under exchange K <+ W and R < %

» Momenta in one theory are winding numbers in its T-dual theory
and vice versa.



T-DUALITY

» Coordinates and momenta relation:
T~ kX
» T-duality transformation laws for background fields:
*GHY — (GE—I)/W) xguY ge,w
or = —2(Gz'BG~1) is the non-commutativity parameter.

» Currents transformation under T-duality:

o~ gex M [ —"
Iy ~ kXM + kO* T, = kM,

Jop = kM (GE Y m, =%



(GENERALIZED CURRENTS

» So far we have introduced two types of currents:

o = i G, He = 2 (G s+ i),
o= K (G, He = - GE [+
» Consider two sets of generalized currents:
Je(&,NC) = E4(x)i, + NS (x)rx™,
Jr(Er:N) = SR ™ + Au(x)K".

> These generalized currents are mutually T-dual

i kM XM e, — Je(€,NC) =~ Jr(€r, N)



(GENERALIZED CURRENTS

> Aforementioned generalized currents are special cases of
J(EN) =y + Nurx't.
Ag = A/L + 2BMV£V7 J(fa A) — JC(€7 /\C)
R =E&"+ KON, J(EN) = Jr(Er,N)

» This current is self T-dual.

> |t is related to symmetry generators.



(GENERAL COORDINATE TRANSFORMATIONS
» Action of general coordinate transformations on background fields:
0¢Gur = LG,
0¢Bu, = LeBu,

where Lie derivative £¢ = icd + di¢ represents the change of a
tensor field along the flow defined by the vector field &.

> General coordinate transformations are generated by

21
Gocr(€) = /0 dot™(x)r,,.

» The Poisson bracket algebra of generators gives rise to the Lie
bracket

{Gecr(&1), Gocr(£2)} = —Goer([&1, &2]L)-

» Lie bracket is defined as the commutator of Lie derivatives

[51’62]/- = ‘651‘652 - ‘652‘651'



LOCAL GAUGE TRANSFORMATIONS

» Action of local gauge transformations on background fields:

0AGuy =0,
oABu, = 0N, — LN,

» Generator of local gauge transformation:
GieT(N) :/dO'/\#KJX/M.

» Generator of general coordinate transformations and local gauge
transformations:

G(&,A) = /da[g“m +/\MX’“] = /da(AT)MQMNXN.
a3 (kXM (0 1
W= (R) = () =1 0)-

» Generator G(&,A\) is self T-dual.



COURANT BRACKET

v

Poisson bracket algebra:

{G(&1, M), G(&2, A2)} = G(€,A)

§=&0¢ — a8
N = & (O My = Ouhay) = &1 (Do — Gy

The above relation can be rewritten in the following form:

{G(61, M), G(&2,N2)} = —G([& + N1, &2 + Ao o),

Generators algebra gives rise to the Courant bracket in the same way
that general coordinate transformations generators algebra gives rise
to the Lie bracket.

Courant bracket is the operation on the direct sum of the tangent
bundle and the vector bundle of 1-forms.



COURANT BRACKET

» Courant bracket:

1 . .
1+ AL &+ M) =61, &) + L Ao — Le, M — Ed(lgl/\z — g, A1)

» Courant bracket is not Lie bracket, since it does not satisfy the
Jacobi identity.

[[61 + A1, &2 + No]c, & + As]c + cyclic = dNij(&1 + A1, &2 + A2, &3 + A3)c

Nij(&1 4+ A1, &2 + Mo, &3+ A3)c = = < (€14 A1, &2 + Aa)c, &3 4 A3 > +cyclic

W=

<EHAL &R > (6 () — &(M)



CHANGE OF PARAMETER

v

Change of parameter: /\E =N\, +2B,.¢".
This correspond to B-transformation:

v

g_(1 0 M B\M AN
e _<2B 1 , A= (e®)"WA

v

Generator can be rewritten with new parameters in a new basis

Ge(€,AC) = /da [E“I'M + /i/\gx’“], Iy =Ty + 2B, x"

v

Generator Ge can be seen as a charge corresponding to the
generalized current Jc(&,AC) = &My, + ASrx™.



TWISTED COURANT BRACKET

» H-flux:
{i0(0), (5)} = 2By, X?8(0 — 3),

where B,,,, = 0,B,, + 0, B,,,, + 0,B,.,, is Kalb-Ramond field
strength.
> Poisson bracket algebra:

{Ge (€1, A)), Ge (&2, A7)} = Ge (&, A°)
" =60,8 — &0
N = & (BN, = 0uN,) = &7 (005, = Buh3,) = 26Buuupty €
» The above relations can be rewritten in the following way:
{Ge(€1, D), Ge(&2,A3)} = —Ge(lén + AT & + Asls).

» Change in bracket corresponds to the twisting of the Courant bracket
by 2B,,,,. The difference between twisted and untwisted bracket:

[€®(&1 4+ A1), € (&2 + Ao)lc — €Pe1 + AL, &2 + Mol = gy ie, B

» Expression for twisted Courant bracket:

N
[E4A], €245 18 = [61, L]t Ley NS — Ly — 5 dlie N —igg A )+H(&r, &, ), H = 2dB



CHANGE OF PARAMETER

v

Change of parameter: s = &£# + kO*VA,

This correspond to S-transformation for g = k6:

v

&P = ((1) Kf) , A (eﬁ)%/\’v

v

Generator can be rewritten with new parameters in a new basis
On(rN) = [ do[ghm, + Nk, K= " .
T-duality relation: Gr(&,A) ~ Ge(€r, N).

The generator Gr can be seen as the charge corresponding to
generalized current Jr(Eg, N) = Epm,, + N kP

v

v



ROYTENBERG BRACKET

v

Q and R flux:
{k"(0), k" (3)} = —/pr””k"é(J —-3J)— ,%QR””"Wpé(a —3),

where Q" = 0,01, RMP = 017050 + 677 0,01 + 6P 0,01 .
Generators algebra give rise to the Roytenberg bracket:

{GR(EF M), GR(E A2} = —GR([EF + M. &5 + Nalg),
Roytenberg bracket is a generalization of Courant bracket, obtained

by twisting the Courant bracket by some bi-vector 1. It differs from
the Courant bracket by a following term:

(&1 + A1), e"(& + Aol — €[€1 + A1, &2 + Ao

Poisson bracket algebra gives rise to the Roytenberg bracket,
obtained by twisting the Courant bracket by a bi-vector MN*” = kg .



ROYTENBERG BRACKET

> Roytenberg bracket:

[§1+ A1, & + Ao]r =61, 8]0 + LeyNo — Lea — %d(l'gl/\g —ieal\1)—
HO(&1, &) + MH(Ay, &2,.) — MH(A2, €1,.)
(Leahs — Le, Ay + %d(i@/\2 — igap)) N+
NMH(A, ., &) — NPMTH(A,, ., €1) — [A, A+
N°MH(AL, A2, ) = [€2, AN + [€1, AN+
(%[ﬂ, Mls — /\3r|H) (A, A2, ) + H(L &)

> Koszul bracket is a generalization of the Lie bracket on the space of
differential forms [¢,nln = Lnen — Lnyé + d(MN(E, 7))

» Schouten-Nijenhuis bracket is a generalization of the Lie bracket on
the space of multivectors: [, M]s|"**” = eggﬂ’yﬂ‘m&,ﬂﬁ”



(QUESTIONS?



