e
T-duality between effective string theories Lj. Davidovi¢ and B. Sazdovié

T-duality between effective string theories
Lj. Davidovi¢ and B. Sazdovi¢

Institute of Physics,
University of Belgrade, Serbia

10th Mathematical Physics Meting
Belgrade, Serbia




T-duality between effective string theories Lj. Davidovi¢ and B. Sazdovié

Outline

K [ d€201 x4 0_x¥

T
— %2fd£28+yu@’i'/8_yy
lr:o J*r_o
T
%fdﬁza_,_Q”Gﬁlffa_ QY  —

5 [ de0, K, GO K,



T-duality between effective string theories Lj. Davidovi¢ and B. Sazdovié

Action

Bosonic string action

Oaxt0gx"

eaB
\/—g MV[X]]

Action principle §S = 0 gives equations of motion and
boundary conditions

b = | ey =g |56 Gl + =

YO x)0xH fger — D)X/ 5—g = 0

where we define
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Action 2

» Conformal gauge

8ap = anaB
» Action

S= /i/d§28+x“l'l+u,,8_x”
» with the background field composition

1
n:l:;u/(X) = B;W(X) + EG,W/(X)
> and the light-cone coordinates

§i:%(7:|:a) O+ = 0; £ 04
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Boundary conditions

» Let us choose the Neumann condition for coordinates
x?, a=0,1,...,p and the Dirichlet condition for coordinates
x,i=p+1,...,D—-1,

N 7‘5’0)‘32 =0, W=mnl= k(M ap0—x" + N_p04 x°)

=0, py = kX

D : K,).(I}
()N

» We consider the block diagonal constant metric and
Kalb-Ramond field G,,, = const, B, = const

([ Gp O ([ Bw O
w= (% a) (% a)
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Buscher T-duality procedure for constant background 1

» T-duality: Strings propagating on completely different
spacetime geometries may be physically equivalent

» Buscher procedure:
» gauging global symmetries dx* = \*
Oaxt — Doxt = Ogx* + vE |
> vk gauge field
> D, covariant derivative
» Field strength Fgﬁ = 3avg — OgvH

» T-dual theory must be Physically equivalent to initial theory
F&G=Fr=0
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» Invariant Action

Buscher T-duality procedure for constant background 2

Sinv(x,y,v) = n/ d*¢ [D+x“|'|+,“,D_X” + §yHF“
b

> yu Lagrange multiplier
> Gauge fixing x* =0

» Gauge fixed Action

1
Stix(y,v) = /@/ d’¢ [vﬁil’lﬂwv'j + —yNF“]
by
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» Check

Buscher T-duality procedure for constant background 3
7% 8avg

—85v”=0=>v

T-dual Action

OgX* —> Sgyy — S(X)
» Elimination of gauge fields on equations of motion produces

2
“S[y] = / P 0.y0 0y,
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Buscher T-duality procedure for constant background 4

» Dual Action *S(y) has the same form as initial one, but with
different background fields

v K2 v
*Slyl = & / d* 04y, N 0y, = = / d*¢ D1y 0" 0 y,

where T-dual background fields

*CpY —1\uv *BHV:E 112
G (Gg )", 20
2
Gy, =Guw—4BG'B),,, o = —E(GE_IBG‘l)‘“’
1 124 v 1 —1\uv
I'IiEBWj:EGW, oL = o* IF;(GE )
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T-duality transformation of variables for constant
background
» T-dual transformations

Vi 2 0pxt =2 kO DLy,

> together with inverse transformation produces
T-duality transformation of variables

Opxt = —k0 01y, , O+yy = —2M5,,04x"

> in other form

—rxX 2 (), AO() =~k




T-duality between effective string theories Lj. Davidovi¢ and B. Sazdovi¢

T-dual boundary condition

» T-dual boundary conditions
*,Y(O)u 5y“’: =0
where )
(O — % [@’i”a_yy + 0401y,

» The T-dual theory is equivalent to a initial open string theory
with chosen boundary conditions, if the T-dual boundary
conditions are fulfilled in a Neumann way for coordinates y;
and in a Dirichlet way for y,

2
N *'y(o)’ . 0, "o = 5 eYo_y; + @jr&ryj]
D: hys| =0, (95 ="rs
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T-dual boundary condition 2

This is because of the T-duality transformation law

i 2 (), O () 2 -

and consequently

Yo = kX' = —

oY) =~
0) ~ :
s =80 2 —kys = =378

T-dualization changes the type of the boundary conditions
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Boundary conditions in canonical form

» We are going to treat boundary conditions as constraints and
apply the Dirac consistency procedure

» Canonical form of boundary conditions

N’)’g = |_|+ab(G71)bc —c + n—ab(Gil)ij—&-a
i L1 ,
o0 = #X = 2(6) (i + i)

can be expressed in terms of currents

Jip = T+ 2604 X"
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Dirac consistency procedure applied to the boundary
conditions

» The algebra of currents in a constant background
{jtu(0),j10(7)} = £ 2K Gy 6’ (0 — 5),
{jtu(0),j7(3)} =0

» Following the Dirac procedure, one can impose consistency to
these constraints. The additional constraints are defined for

every n > 1
nyg = {HC’N75_1}7 D’Y;; = {HCvo’Y;'r—l}

with He = f doH ¢ is canonical hamiltonian
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o-dependent constraints

» All these constraints can be gathered into only two constraints

» We obtain the explicit form of the sigma dependent
constraints

M(0) = Myap(G7H) 4 c(0) + Nap(G1) >y e(—0),
Mh(0) = 5(6 ) [ui(~0) +)s(0)
» If we demand 27-periodicity
x*(o 4 2m) = x*(0),
mu(o +2m) = mu(0)

o—dependent constraints for c = 0 and o = 7 are equal
» They are of the second class and one can.solve them
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Independent canonical variables

» Divide canonical variables into even and odd parts

xt=q" +g", Ty = Pu+ Pp

2n
o o
— (2n)u GH — (2n+1)p
¢ => x . qh=)
= (2n)! =0 = (2n+1)! =0
2n 2n+
o o
_ (2n) = (2n+1)
Pu = (Mot Pu Z | _
>0 (2!7) o=0 >0 (2 + 1) o=0
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Solution of the constraints

» Requiring

(o) =0, Tp(a)=0
one obtains the solution
pa =10, q/a = _eabpba
q'=0,

pi = —2/4}3;1'(7,]
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Solution of the constraints 2

» Solving the constraints has reduced the phase space by half.

/ b
q? —0%pp, p=a,
x'P =

=/

q’,
and

p=i

Pa;, pH=a,
Ty =

pi — 2kByg”, p=i.
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Noncommutativity of the effective variables

» In N—subspace, the coordinates do not commute
*{x%(0), xb(6)} = 203"0(0 + )
while in the D—subspace the momenta do not commute

*{mi(0),7j(5)} = 4kBji§ (0 + 5)
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Solution of T-dual constraints

» Separating dual variables into odd and even parts
Yu = Ku + Em

we obtain

*ah = *pl" _'_*ﬁl—b

k/
and
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Noncommutativity of T-dual effective variables

» Coordinates in the N—subspace are not commutative
“il0),5i(5)} = - Byflo +5) = 20,6(c +7)
The momenta in D-subspace are noncommutative
7o), *7P(5)} = 2626758 (0 + 7) = 4k * B8 (0 + 7)

So, N and D-sectors of the initial and T-dual theories replace
their characteristics
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Effective theories

» If we substitute the solution of the boundary conditions into
the canonical hamiltonians, we will obtain the effective
hamiltonians. Using the equations of motion for momenta, we
will find the corresponding effective lagrangians

» Effective hamiltonians
1 =1 (q pa) + HE (@, 1)
where

f}! K 1 3
sz(qa’ pa) = D) q/aG;ﬁnq/b + ﬂpa(GEl)abe’
i = K _yi o i 1

Hgff(q',Pi) = > g’ G,-jq’J + ﬂp"(G l)upj
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Effective T-dual hamiltonian

*Heff *Hgff(/;a, 5) *Heff(k,, )
where
o eon K- T _
*Hfo(ka,*pa) _ E k;(GEl)abkL + 2_ Pa(GE)ab*Pb,
"8 = S K6k +

% IGU*pj
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Effective Lagrangians

» The lagrangians of the effective theories

Eeff = EN(qa p) + £D(q: 13)7

*ﬁeff — *ED(E,*ﬁ) +*£N(k,*P)
with

Ln(q,p) = pad® — HE (a7, pa)
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Effective Lagrangians 2

» The explicit forms of the effective lagrangians are found by
eliminating momenta using the equations of motion

pa = kGL4%, B = kG;g

and - . e
*'53 — H(GEl)abkb, *pl — n(G_l)Ukj

£ = Lu(q) + Lo(p),
L = %L (k) + *Lu(k)
where the Iagrangians reduced to
on*00aq°03q°,  Lo(§) = 5 G 05057,
(G 1)a" 00 ka0pks, *cN(k)=E(G—I)Unaﬁaak,-aﬁkj
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T-duality between effective theories

» Let us now introduce coordinates

QM — [27] , KIL — |:ka:|
and effective metric

e (G ¢

*GMV: (GEI)ab
0 G )’
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T-duality between effective theories 2

» Corresponding lagrangians
reff — g naﬁ 9, Q" G;Zf 95Q,
L = 20 0aK, Gl 9K,
» From T-duality relations for initial variables x* and y,, we find
0+K, = £G0.Q

This is the T-dual effective coordinate transformation law



T-duality between effective string theories Lj

Davidovi¢ and B. Sazdovi¢

T-duality between effective theories 3

» In absence of the effective Kalb-Ramond field T-dual metric
should be inverse to the initial metric
(Geff) ( GaEb 0

0
0 (G 1)1_] ) Geff
» We can conclude that the effective lagrangians are T-dual to
each other
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Conclusion

So, we confirmed that two procedures, the T-dualization
procedure and the solving of the mixed boundary conditions,

treated as constraints in the Dirac consistency procedure, do
commute
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