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Action

Bosonic string action

S [x ] = κ

∫
Σ
d2ξ
√
−g
[1

2
gαβGµν [x ] +

εαβ√
−g

Bµν [x ]
]
∂αx

µ∂βx
ν

Action principle δS = 0 gives equations of motion and
boundary conditions

γ(0)
µ (x)δxµ/σ=π − γ(0)

µ (x)δxµ/σ=0 = 0

where we define

γ(0)
µ (x) ≡ δS

δx ′µ
= κ

(
2Bµν ẋ

ν − Gµνx
′ν
)
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Action 2

III Conformal gauge
gαβ = eFηαβ

I Action

S = κ

∫
dξ2∂+x

µΠ+µν∂−x
ν

I with the background field composition

Π±µν(x) = Bµν(x)± 1

2
Gµν(x)

I and the light-cone coordinates

ξ± =
1

2
(τ ± σ) ∂± = ∂τ ± ∂σ
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Boundary conditions

I Let us choose the Neumann condition for coordinates
xa, a = 0, 1, . . . , p and the Dirichlet condition for coordinates
x i , i = p + 1, . . . ,D − 1,

N : γ
(0)
a

∣∣∣
∂Σ

= 0, γ
(0)
a ≡ Nγ

0
a = κ

(
Π+ab∂−x

b + Π−ab∂+x
b
)

D : κẋ i
∣∣∣
∂Σ

= 0, Dγ
i
0 ≡ κẋ i

I We consider the block diagonal constant metric and
Kalb-Ramond field Gµν = const, Bµν = const

Gµν =

(
Gab 0

0 Gij

)
, Bµν =

(
Bab 0

0 Bij

)
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Buscher T-duality procedure for constant background 1

I T-duality: Strings propagating on completely different
spacetime geometries may be physically equivalent

I Buscher procedure:

I gauging global symmetries δxµ = λµ

∂αx
µ → Dαx

µ = ∂αx
µ + vµα ,

I vµα gauge field
I Dα covariant derivative

I Field strength Fµαβ = ∂αv
µ
β − ∂βvµα

I T-dual theory must be Physically equivalent to initial theory
Fµ01 ≡ Fµ = 0
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Buscher T-duality procedure for constant background 2

I Invariant Action

Sinv (x , y , v) = κ

∫
Σ

d2ξ

[
D+x

µΠ+µνD−x
ν +

1

2
yµF

µ

]

I yµ Lagrange multiplier

I Gauge fixing xµ = 0

I Gauge fixed Action

Sfix (y , v) = κ

∫
Σ
d2ξ

[
vµ+Π+µνv

ν
− +

1

2
yµF

µ

]
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Buscher T-duality procedure for constant background 3

I Check
yµ: ∂αv

µ
β − ∂βv

µ
α = 0 =⇒ vµα = ∂αx

µ =⇒ Sfix → S(x)

I Elimination of gauge fields on equations of motion produces
T-dual Action

?S [y ] =
κ2

2

∫
d2ξ ∂+yµθ

µν
− ∂−yν
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Buscher T-duality procedure for constant background 4
I Dual Action ?S(y) has the same form as initial one, but with

different background fields

?S [y ] = κ

∫
d2ξ ∂+yµ

?Πµν
+ ∂−yν =

κ2

2

∫
d2ξ ∂+yµθ

µν
− ∂−yν

where T-dual background fields

?Gµν = (G−1
E )µν , ?Bµν =

κ

2
θµν

GE
µν ≡ Gµν − 4(BG−1B)µν , θµν ≡ −2

κ
(G−1

E BG−1)µν

Π± ≡ Bµν ±
1

2
Gµν , θµν± ≡ θµν ∓

1

κ
(G−1

E )µν
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T-duality transformation of variables for constant
background

I T-dual transformations

vµ±
∼= ∂±x

µ ∼= −κΘµν
± ∂±yν

I together with inverse transformation produces
T-duality transformation of variables

∂±x
µ ∼= −κθµν± ∂±yν , ∂±yµ ∼= −2Π∓µν∂±x

ν

I in other form

−κ ẋµ ∼= ?γµ(0)(y) , γ(0)
µ (x) ∼= −κ ẏµ
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T-dual boundary condition
I T-dual boundary conditions

?γ(0)µ δyµ

∣∣∣π
0

= 0

where
?γ(0)µ =

κ2

2

[
Θµν
− ∂−yν + Θµν

+ ∂+yν
]

I The T-dual theory is equivalent to a initial open string theory
with chosen boundary conditions, if the T-dual boundary
conditions are fulfilled in a Neumann way for coordinates yi

and in a Dirichlet way for ya

N : ?γ(0)i
∣∣∣
∂Σ

= 0, ?
Nγ

i
0 =

κ2

2

[
Θij
−∂−yj + Θij

+∂+yj

]
D : κẏa

∣∣∣
∂Σ

= 0, ?
Dγ

0
a = κẏa
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T-dual boundary condition 2

This is because of the T-duality transformation law

−κẋµ ∼= ?γµ(0)(y), γ(0)
µ (x) ∼= −κẏµ

and consequently

Dγ
i
0 ≡ κẋ i ∼= −?γ i

(0)(y) ≡ −?Nγ i
0,

Nγ
0
a ≡ γ

(0)
a
∼= −κẏa = − ?

Dγ
0
a

T-dualization changes the type of the boundary conditions
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Boundary conditions in canonical form

I We are going to treat boundary conditions as constraints and
apply the Dirac consistency procedure

I Canonical form of boundary conditions

N
γ0

a = Π+ab(G−1)bc j−c + Π−ab(G−1)bc j+c ,

D
γ i

0 = κẋ i =
1

2
(G−1)ij (j+j + j−j )

can be expressed in terms of currents

j±µ = πµ + 2κΠ±µνx
′ν
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Dirac consistency procedure applied to the boundary
conditions

I The algebra of currents in a constant background{
j±µ(σ), j±ν(σ̄)

}
= ± 2κGµν δ

′(σ − σ̄),{
j±µ(σ), j∓ν(σ̄)

}
= 0

I Following the Dirac procedure, one can impose consistency to
these constraints. The additional constraints are defined for
every n ≥ 1

N
γn

a = {HC , N
γn−1

a },
D
γ i

n = {HC , D
γ i

n−1}

with HC =
∫
dσHC is canonical hamiltonian
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σ-dependent constraints
I All these constraints can be gathered into only two constraints

ΓN
a (σ) =

∑
n≥0

σn

n! N
γn

a

∣∣∣
σ=0

, Γi
D(σ) =

∑
n≥0

σn

n! D
γ i

n

∣∣∣
σ=0

I We obtain the explicit form of the sigma dependent
constraints

ΓN
a (σ) = Π+ab(G−1)bc j−c(σ) + Π−ab(G−1)bc j+c(−σ),

Γi
D(σ) =

1

2
(G−1)ij

[
j+j (−σ) + j−j (σ)

]
I If we demand 2π-periodicity

xµ(σ + 2π) = xµ(σ),

πµ(σ + 2π) = πµ(σ)

σ−dependent constraints for σ = 0 and σ = π are equal
I They are of the second class and one can solve them
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Independent canonical variables

I Divide canonical variables into even and odd parts

xµ = qµ + q̄µ, πµ = pµ + p̄µ

qµ =
∑
n≥0

σ2n

(2n)!
x (2n)µ

∣∣∣
σ=0

, q̄µ =
∑
n≥0

σ2n+1

(2n + 1)!
x (2n+1)µ

∣∣∣
σ=0

pµ =
∑
n≥0

σ2n

(2n)!
π(2n)
µ

∣∣∣
σ=0

, p̄µ =
∑
n≥0

σ2n+1

(2n + 1)!
π(2n+1)
µ

∣∣∣
σ=0
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Solution of the constraints

I Requiring
ΓN

a (σ) = 0, Γi
D(σ) = 0

one obtains the solution

p̄a = 0, q̄′a = −θabpb,

q′i = 0, pi = −2κBij q̄
′j
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Solution of the constraints 2

I Solving the constraints has reduced the phase space by half.

x ′µ =


q′a − θabpb, µ=a,

q̄′i , µ=i

and

πµ =


pa, µ=a,

p̄i − 2κBij q̄
′j , µ=i.
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Noncommutativity of the effective variables

I In N−subspace, the coordinates do not commute

?{xa(σ), xb(σ̄)} = 2θabθ(σ + σ̄)

while in the D−subspace the momenta do not commute

?{πi (σ), πj (σ̄)} = 4κBijδ
′(σ + σ̄)
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Solution of T-dual constraints
I Separating dual variables into odd and even parts

yµ = kµ + k̄µ,
?πµ = ?pµ + ?p̄µ

we obtain

y ′µ =


k̄ ′a, µ=a,

k ′i −
2
κBij

?pj , µ=i

and

?πµ =


?p̄a − κ2θabk̄ ′b, µ=a,

?pi , µ=i.
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Noncommutativity of T-dual effective variables

I Coordinates in the N−subspace are not commutative

?{yi (σ), yj (σ̄)} =
4

κ
Bijθ(σ + σ̄) = 2?θijθ(σ + σ̄)

The momenta in D-subspace are noncommutative

?{?πa(σ), ?πb(σ̄)} = 2κ2θabδ′(σ + σ̄) = 4κ ?Babδ′(σ + σ̄)

So, N and D-sectors of the initial and T-dual theories replace
their characteristics
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Effective theories

I If we substitute the solution of the boundary conditions into
the canonical hamiltonians, we will obtain the effective
hamiltonians. Using the equations of motion for momenta, we
will find the corresponding effective lagrangians

I Effective hamiltonians

Heff = Heff
N (qa, pa) +Heff

D (q̄i , p̄i )

where

Heff
N (qa, pa) =

κ

2
q′aGE

abq
′b +

1

2κ
pa(G−1

E )abpb,

Heff
D (q̄i , p̄i ) =

κ

2
q̄′iGij q̄

′j +
1

2κ
p̄i (G

−1)ij p̄j
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Effective T-dual hamiltonian

?Heff = ?Heff
D (k̄a,

?p̄a) + ?Heff
N (ki ,

?pi )

where

?Heff
D (k̄a,

?p̄a) =
κ

2
k̄ ′a(G−1

E )abk̄ ′b +
1

2κ
?p̄a(GE )ab

?p̄b,

?Heff
N (ki ,

?pi ) =
κ

2
k ′i (G

−1)ijk ′j +
1

2κ
?piGij

?pj
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Effective Lagrangians

I The lagrangians of the effective theories

Leff = LN(q, p) + LD(q̄, p̄),
?Leff = ?LD(k̄, ?p̄) + ?LN(k, ?p)

with

LN(q, p) = paq̇
a −Heff

N (qa, pa)
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Effective Lagrangians 2
I The explicit forms of the effective lagrangians are found by

eliminating momenta using the equations of motion

pa = κGE
abq̇

b, p̄i = κGij ˙̄qj

and
?p̄a = κ(G−1

E )ab ˙̄kb,
?pi = κ(G−1)ij k̇j

Leff = LN(q) + LD(p̄),
?Leff = ?LD(k̄) + ?LN(k)

where the lagrangians reduced to

LN(q) =
κ

2
GE

ab η
αβ∂αq

a∂βq
b, LD(q̄) =

κ

2
Gij η

αβ∂αq̄
i∂β q̄

j ,

?LD(k̄) =
κ

2
(G−1

E )ab ηαβ∂αk̄a∂β k̄b,
?LN(k) =

κ

2
(G−1)ij ηαβ∂αki∂βkj
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T-duality between effective theories

I Let us now introduce coordinates

Qµ =

[
qa

q̄i

]
, Kµ =

[
k̄a

ki

]
and effective metric

G eff
µν =

(
GE

ab 0
0 Gij

)
, ?Gµν

eff =

(
(G−1

E )ab 0
0 (G−1)ij

)
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T-duality between effective theories 2

I Corresponding lagrangians

Leff =
κ

2
ηαβ ∂αQ

µ G eff
µν ∂βQ

ν ,

?Leff =
κ

2
ηαβ ∂αKµ

?Gµν
eff ∂βKν

I From T-duality relations for initial variables xµ and yµ we find

∂±Kµ ∼= ±G eff
µν ∂±Q

ν

This is the T-dual effective coordinate transformation law
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T-duality between effective theories 3

I In absence of the effective Kalb-Ramond field T-dual metric
should be inverse to the initial metric

(G eff
µν )−1 =

(
GE

ab 0
0 Gij

)−1

=

(
(G−1

E )ab 0
0 (G−1)ij

)
= ?Gµν

eff

I We can conclude that the effective lagrangians are T-dual to
each other
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Conclusion

So, we confirmed that two procedures, the T-dualization
procedure and the solving of the mixed boundary conditions,
treated as constraints in the Dirac consistency procedure, do
commute


