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Gravity with nonminimal derivative coupling

Motivation:(Lovelock Theory, Horndeski Gravity, Galileon Theory, String
Theory).
Lovelock theory (D. Lovelock, J. Math. Phys. 12, 498, (1971)). Lovelock
Lagrangian

L =
k∑

h=0

chLh, (1)

where:
Lh = δA1A2...A2h

B1B2...B2h
RA1A2

B1B2 ...RA2h−1A2h

B2h−1B2h (2)

where δA1A2...Ah
B1B2...Bh

is the generalized Kronecker delta and RA1A2
B1B2 denotes

Riemann tensor.
Horndeski Gravity (1974)(Galileon theory (2009))(G. W. Horndeski,
Int. J. Theor. Phys. 10, 363, (1974), C. Deffayet, S. Deser,
G. Esposito-Farese, Phys. Rev. D 80, 064015, (2009)).

Mykola Stetsko (Ivan Franko National University of Lviv)Black holes in the theory with nonminimal derivative coupling and some aspects of their thermodynamics10th MATHEMATICAL PHYSICS MEETING: School and Conference on Modern Mathematical Physics 9 - 14 September 2019, Belgrade, Serbia 3 / 25



Lagrangian (Horndeski, Galileon theory):

L = K (ϕ, ρ)− G1(ϕ, ρ)∇2ϕ+ G2(ϕ, ρ)R + G ′2((∇2ϕ)2 − (∇µ∇νϕ)2) +

G3(ϕ, ρ)Gµν∇µϕ∇νϕ−
G ′3
6

((∇2ϕ)3 − 3∇2ϕ(∇µ∇νϕ)2 + 2(∇µ∇νϕ)3), (3)

and here ρ = ∇µϕ∇µϕ, and F ′ = dF
dρ .

Dimensional reduction (String Theory):

ds2
4+n = ds̄2

4 + eϕdỹ2
n (4)

Four-dimensional effective action for EGB-theory can be written in the
form (C. Charmousis, 2014):

S̄4 =

∫
d4x
√
−ge

nϕ
2

[
R̄ − 2Λ + αḠ +

n(n − 1)

4
(∇ϕ)2 − αn(n − 1)×

Ḡµν∇µϕ∇νϕ−
α

4
n(n − 1)(n − 2)(∇ϕ)2∇2ϕ+

α

16
n(n − 1)2(n − 2)×

(∇ϕ)4 + e−ϕR̃
(
1 + αR̄ + 4α(n − 2)(n − 3)(∇ϕ)2

)
+ αe−2ϕG̃

]
. (5)
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Action for multidimensional gravity with nonminimal derivative coupling:

S =
1

16π

∫
dn+1x

√
−g
(
R − 2Λ− 1

2
(αgµν − ηGµν) ∂µϕ∂νϕ+ Lm

)
(6)

Field equations for the action (6):

Gµν + Λgµν =
1

2
(αT (1)

µν + ηT (2)
µν ) + T (3)

µν , (7)

where

T (1)
µν = ∇µϕ∇νϕ−

1

2
gµν∇λϕ∇λϕ, (8)

T (2)
µν =

1

2
∇µϕ∇νϕR − 2∇λϕ∇νϕRλµ +

1

2
∇λϕ∇λϕGµν

−gµν
(
−1

2
∇λ∇κϕ∇λ∇κϕ+

1

2
(∇2ϕ)2 − Rλκ∇λϕ∇κϕ

)
−∇µ∇λϕ∇ν∇λϕ+∇µ∇νϕ∇2ϕ− Rλµκν∇λϕ∇κϕ. (9)
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Here we consider two types of Lagrangian of material field Lm:

Lm =

(−FµνFµν)p, PMI

4β2
(

1−
√

1 +
FµνFµν

2β2

)
, BI

(10)

The stress-energy tensor for corresponding material fields can be written
easily. Namely for power-law nonlinear field it takes the form:

T (3)
µν =

gµν
2

(
−FλκFλκ

)p
+ 2p

(
−FλκFλκ

)p−1
FµρFν

ρ, PMI . (11)

and for Born-Infeld type of Lagrangian we derive:

T (3)
µν = 2β2gµν

1−

√
1 +

FκλFκλ

2β2

+
2FµρFν

ρ√
1 + FκλFκλ

2β2

, BI . (12)
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Black hole solution

For the scalar and electromagnetic fields we derive:

(αgµν − ηGµν)∇µ∇νϕ = 0. (13)

∇µ
(
−Fp−1Fµν)

)
= 0, PMI (14)

∇µ

(
Fµν√

1 + F/2β2

)
= 0, BI (15)

where F = FµνF
µν . Black hole’s metric is supposed to take the form:

ds2 = −U(r)dt2 + W (r)dr2 + r2dΩ
2(ε)
(n−1), (16)

where dΩ
2(ε)
n−1 is supposed to be written as follows:

dΩ
2(ε)
(n−1) =


dθ2 + sin2 θdΩ2

(n−2), ε = 1,

dθ2 + θ2dΩ2
(n−2), ε = 0,

dθ2 + sinh2 θdΩ2
(n−2), ε = −1,

(17)

and here dΩ2
(n−2) is the line element of a n − 2 – dimensional sphere.
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Having used the evident form of the metric (16) and the equation (13) we
obtain:√

U

W
rn−1

[
α− η (n − 1)

2rW

(
U ′

U
− (n − 2)

r
(W − 1)

)]
ϕ′ = C , (18)

where C is a constant of integration and f ′ = ∂f
∂r . In what follows we take

C = 0 and it simplifies the procedure of integration of equations of motion.
Supposing that A = A0(r)dt one can obtain a solution of the Maxwell
equations (14) in the form:

Frt =
q

r (n−1)/(2p−1)

√
UW , PMI (19)

Frt =
qβ√

q2 + β2r2(n−1)

√
UW . BI (20)

From the equations of motion (7) we obtain:

(ϕ′)2 = − 4r2W

η(2αr2 + εη(n − 1)(n − 2))

(
α + Λη +

2p−1(2p − 1)ηq2p

r2p(n−1)/(2p−1)

)
(21)
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UW =

(
(α− Λη)r2 + εη(n − 1)(n − 2)− 2p−1η(2p − 1)q2pr2(1− p(n−1)

2p−1
)
)2

(2αr2 + εη(n − 1)(n − 2))2

(22)
The metric function U can be represented in the form:

U(r) = ε− µ

rn−2
− 2Λ

n(n − 1)
r2 − 2p

(2p − 1)2q2p

(n − 1)(2p − n)
r

2
(

1− p(n−1)
2p−1

)
+

(α + Λη)2

2αη(n − 1)rn−2

∫
rn+1

r2 + d2
dr + 2p−1 (2p − 1)(α + Λη)q2p

α(n − 1)rn−2
×

∫
rn+1− 2p(n−1)

2p−1

r2 + d2
dr + 22p−3 (2p − 1)2ηq4p

α(n − 1)rn−2

∫
rn+1− 4p(n−1)

2p−1

r2 + d2
dr (23)

and here d2 = εη(n−1)(n−2)
2α
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For Born-Infeld case we obtain:

(ϕ′)2 = −
4r2W

(
α + Λη − 2β2η + 2βη

rn−1

√
q2 + β2r2(n−1)

)
η(2αr2 + εη(n − 1)(n − 2))

; (24)

UW =

(
(α− Λη + 2β2η)r2 + εη(n − 1)(n − 2)− 2βη

rn−3

√
q2 + β2r2(n−1)

)2

(2αr2 + εη(n − 1)(n − 2))2
;

(25)

U(r) = ε− µ

rn−2
− 2(Λ− 2β2)

n(n − 1)
r2 − 2β(α− Λη + 2β2η)

α(n − 1)rn−2
×∫ √

q2 + β2r2(n−1)dr +
(α + Λη − 2β2η)2 + 4β4η2

2αη(n − 1)αηrn−2

∫
rn+1dr

r2 + d2
−

2β(α + Λη − 2β2η)d2

α(n − 1)rn−2

∫ √
q2 + β2r2(n−1)dr

r2 + d2
+

2β2ηq2

α(n − 1)rn−2

∫
r3−ndr

r2 + d2
(26)
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Having calculated the integrals in (23) we can write:

U(r) = ε− µ

rn−2
− 2Λ

n(n − 1)
r2 +

(α + Λη)2

2αη(n − 1)

[
(−1)

n+1
2

dn

rn−2
arctan

( r
d

)
+

n−1
2∑

j=0

(−1)jd2j r
2(1−j)

n − 2j

− 2p(2p − 1)2q2p

(2p − n)(n − 1)
r

2(3p−pn−1)
2p−1 + UPMI (r),(27)

for odd n noninteger 2p(n−1)
2p−1 and d2 is supposed to be positive and the

function UPMI (r) takes the form:

UPMI (r) =
2p−1(2p − 1)2(α + Λη)q2p

α(n − 1)(2p − n)
r

2
(

1− p(n−1)
2p−1

)
×

2F1

(
1,

p(n − 1)

2p − 1
− n

2
;
p(n − 1)

2p − 1
− n

2
+ 1;−d2

r2

)
+22p−3 (2p − 1)3ηq4p

α(n − 1)(4p − 2pn − n)
r

2
(

1− 2p(n−1)
2p−1

)
×

2F1

(
1,

2p(n − 1)

2p − 1
− n

2
;

2p(n − 1)

2p − 1
− n

2
+ 1;−d2

r2

)
(28)
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For even n we obtain:

U(r) = ε− µ

rn−2
− 2Λ

n(n − 1)
r2 +

(α + Λη)2

2αη(n − 1)

[
(−1)

n
2

dn

2rn−2
ln

(
r2

d2
+ 1

)

+

n
2
−1∑

j=0

(−1)jd2j r
2(1−j)

n − 2j

− 2p(2p − 1)2q2p

(2p − n)(n − 1)
r

2(3p−pn−1)
2p−1 + UPMI (r).(29)

For Born-Infeld case we can write (odd n):

U(r) = ε− µ

rn−2
− 2(Λ− 2β2)

n(n − 1)
r2 − 2β2(α− Λη + 2β2η)

αn(n − 1)
r2 ×

2F1

(
−1

2
,

n

2(1− n)
;

2− n

2(1− n)
;−q2

β2
r2(1−n)

)
+

(α + Λη − 2β2η)2 + 4β4η2

2αη(n − 1)

×

 n−1
2∑

j=0

(−1)j
d2j r2(1−j)

n − 2j
+

(−1)
n+1

2 dn

rn−2
arctan

( r
d

)+ U
(o)
BI (r),(30)
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where

U
(o)
BI (r) =

2β2ηq2

α(n − 1)

 n−5
2∑

j=0

(−1)j r6−2n+2j

(4− n + 2j)d2(j+1)
+

(−1)
n−3

2

dn−2rn−2
arctan

( r
d

)
−2β2(α + Λη − 2β2η)d2

α(n − 1)

+∞∑
j=0

(−1)j

n − 2(j + 1)

(
d

r

)2j

×

2F1

(
−1

2
,
n − 2(j + 1)

2(1− n)
;− n + 2j

2(1− n)
;−q2

β2
r2(1−n)

)
;

and for even n we obtain:

U(r) = ε− µ

rn−2
− 2(Λ− 2β2)

n(n − 1)
r2 − 2β2(α− Λη + 2β2η)

αn(n − 1)
r2 ×

2F1

(
−1

2
,

n

2(1− n)
;

2− n

2(1− n)
;−q2

β2
r2(1−n)

)
+

(α + Λη − 2β2η)2 + 4β4η2

2αη(n − 1)

×

(n−2)/2∑
j=0

(−1)j
d2j r2(1−j)

n − 2j
+

(−1)
n
2 dn

2rn−2
ln

(
r2

d2
+ 1

)+ U
(e)
BI (r),(31)
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and here

U
(e)
BI (r) =

2β2ηq2

α(n − 1)

 n−6
2∑

j=0

(−1)j r6−2n+2j

(4− n + 2j)d2(j+1)
+

(−1)
n−2

2

2dn−2rn−2
ln

(
1 +

d2

r2

)
−2β2(α + Λη − 2β2η)d2

α(n − 1)

+∞∑
j=0

(−1)j

n − 2(j + 1)

(
d

r

)2j

×

2F1

(
−1

2
,
n − 2(j + 1)

2(1− n)
;− n + 2j

2(1− n)
;−q2

β2
r2(1−n)

)
+ (−1)

n
2
dn−2

rn−2
×+∞∑

j=1

(−1)j

j!

(
−1

2

)
j

(
q

β

)2j r2(1−n)j

2(n − 1)j
− ln

( r
d

) ;
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Figure: Metric functions U(r) for PMI (left) and BI (right) cases
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Peculiarities of the metrics for different distances

Firstly, considering large r all types show AdS-behaviour:

U ' (α− Λη)2

2αηn(n − 1)
r2, (32)

In contrast, for very small values of r the behaviour of the metric function
depends on the types of material field, horizon geometry and dimension,
but in all the cases it is singular.
To characterize the behaviour of BH metrics we use Kretschmann scalar:

RµνκλR
µνκλ =

1

UW

(
d

dr

[
U ′√
UW

])2

+
(n − 1)

r2W 2
×(

(U ′)2

U2
+

(W ′)2

W 2

)
+

2(n − 1)(n − 2)

r4W 2
(εW − 1)2. (33)

Due to the fact that when r →∞ the metric function U(r) behaves as
(32), thus we find:

RµνκλR
µνκλ ∼ 8(n + 1)α2

n(n − 1)2η2
.

The Kretschmann scalar is finite at the horizon (coordinate singularity).
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When r → 0 we arrive at (PMI):

RµνκλR
µνκλ ∼ f1(p, n)

1

r4
.

For BI case we have different expressions for different values of n and ε
again. Namely, when n > 4, ε 6= 0 and n > 3, ε = 0 we arrive at:

RµνκλR
µνκλ ' f2(n)

1

r4
, (34)

for n = 4 and n = 3 when ε 6= 0 we obtain correspondingly:

RµνκλR
µνκλ ' 1

r4
ln2

(
1 +

d2

r2

)
, RµνκλR

µνκλ ' µ2

r6
. (35)
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Thermodynamics of the black holes

Temperature of the black holes can be written in the form:

T =
κ

2π
=

1

4π

U ′(r+)√
U(r+)W (r+)

(36)

Figure: Black hole temperature for PMI case
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Entropy of the black hole

Variating the action (6) we obtain the surface terms of the form (
R. M. Wald, Phys. Rev. D 48, 3427 (1993)):

Jµ = 2
∂L

∂Rκλµν
∇λδgκν − 2∇ν

∂L

∂Rκµνλ
δgκλ

+
∂L

∂(∇µϕ)
δϕ+

∂L

∂(∇µAν)
δAν . (37)

Wald procedure allows to obtain 1-form, namely J(1) = Jµdx
µ and its

Hodge dual can be written:

Θ(n) = ∗J(1) (38)

Then it is supposed that an infinitesimal diffeomorphism is performed
(δxµ = ξµ). As a result one can write:

J(n) = Θ(n) − iξ ∗ L(0) = −d ∗ J(2), (39)

where is assumed that the equations of motions are satisfied. Now the
form ∗J(2) can be identified with (n − 1)-form, namely Q(n−1) ≡ ∗J(2).
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Variation of the Hamiltonian can be written as follows:

δH = δ

∫
c
J(n) −

∫
c
d
(
iξΘ(n)

)
=

∫
Σn−1

δQ(n−1) − iξΘ(n) (40)

The first law can be obtained from the equation :

δH∞ = δH+ (41)

And after calculations we obtain (for PMI):

(δQ − iξΘ)t = rn−1
√
UW

(
(n − 1)

rW 2

(
1 +

η

4

(ϕ′)2

W

)
δW +

2pp(2p − 1)

(UW )p(
ψ′
)2(p−1)

ψ

(
ψ′
(
δW

W
+
δU

U

)
− 2δψ′

)
− η(n − 1)

2rW
δ

(
(ϕ′)2

W

))
Ω(n−1).(42)

At the infinity we arrive at (PMI):

(δQ − iξΘ)t = (n − 1)δµ− 4p(2p − 1)2p−1q2(p−1)ψ0δq. (43)

and for BI case we derive

(δQ − iξΘ)t = (n − 1)δµ− 4ψ0δq (44)
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And as a result we can write:

δH∞ = δM − ΦqδQ, (45)

where we have:

M =
(n − 1)ωn−1

16π
µ, (46)

Q =
ωn−1

4π
2p−1q2p−1, (PMI ) Q =

ωn−1

4π
q (BI ) (47)

At the horizon we obtain:

δH+ =
(n − 1)ωn−1

16π
U ′(r+)rn−2

+ δr+ =

(
1 +

η

4

(ϕ′)2

W

∣∣∣
r+

)
T δ

(
A
4

)
. (48)

where A = ωn−1r
n−1
+ is the horizon area of the black hole.

Definition of black hole entropy is disputed, but nevertheless we can write:

δM =

(
1 +

η

4

(ϕ′)2

W

∣∣∣
r+

)
T δ

(
A
4

)
+ ΦqδQ. (49)
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Alternative way to derive relation for the entropy is based on euclidean
formulation:

Stot = SEH + SGHY + Sct (50)

Boundary term SGHY can be written in the form:

S
(nm)
GHY =

1

8π

∫
dnx

√
|h|
(
K +

η

4

[
∇µϕ∇νϕKµν + (∂nϕ∂nϕ+ (∇ϕ)2)K

])
.(51)

Counterterms can be constructed with help of Fefferman-Graham
representation of the metric:

ds2 =
l2

4ρ2
dρ2 +

l2

ρ
gijdx

idx j ; (52)

metric tensor gij and the scalar field ϕ are supposed to take the form:

gij = g
(0)
ij + ρg

(2)
ij + ρ2g

(4)
ij + . . . ; (53)

ϕ = ϕ(0) + ρϕ(2) + ρ2ϕ(4) + . . . . (54)
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Having performed some calculations we arrive at the counterterm action of
the form:

Sct =
1

8π

∫
dnx

√
|h|
(

2(n − 1)

l
+

l

(n − 2)
R−

l

2(n − 2)

(
α− η(n − 1)(n − 4)

2l2

)
∇kϕ∇kϕ+ . . .

)
, (55)

when α 6= ηn(n − 1)/2l2 and here Λ = −n(n − 1)/2l2.
If α = ηn(n − 1)/2l2 the scalar field has additional logarithmic
contribution: ∼ ϕc ln ρ, then we write:

Sc
ct =

1

8π

∫
dnx

√
|h|
(

2(n − 1)

l

(
1 +

ηϕ2
c

l2

)
+

l

(n − 2)

(
1− ηϕ2

c

l2

)
R− η(n − 1)

4l
∇kϕ∇kϕ+ . . .

)
, (56)

and here Λ = −n(n − 1)(1 + 2ηϕ2
c/l

2)/2l2.
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Now having the euclidean action (50) we can find the entropy using the
relation:

S =

(
β̄
∂

∂β̄
− Î

)
Stot , (57)

and here β̄ denotes inverse temperature.
To define mass we use boundary stress energy tensor:

Tij =
2√
|h|

δStot
δhij

, (58)

and as a result we can write:

M =
1

8π

∫
B
dn−2x

√
σTij n̄

iξj , (59)

where n̄i is a timelike unit normal to the boundary B and ξj is timelike
Killing vector.
More about PMI case: M. M. Stetsko, Phys. Rev. D 99, 044028 (2019).
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Thank you for your attention
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