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« Cauchy problem for linear wave equation

Theorem : If L is a second order hyperbolic operator with C™! coefficients,

Lu=10
u(0,z) =o(x) € H (X0)., w(0,x)=v(x) € H™ -1 (Xg), (r = 1)
Then exists unique solution u(¢, ») and

1. uec HI(X,) for any t, j < r;
2. > o llofullz; < C(llofl; + [|1v]l7-4)

« Similar result holds for Einstein equations (Y.
Choquet-Bruhat, 1950°)



 Characteristic initial value problem

\/ H, / H,

Impose Initial data on two intersected null hypersurfaces.

1. Local existence : Z. Hagen, H. J. Seifert, 1977; H.
~riedrich, 1980; A. Rendall, 1990

2. Finite region : J. Luk, 2011
3. Semi-global existence : X.-p. Zhu and J.-b. LI, 2016




* Null-time-like boundary value problem

Impose initial and boundary data on intersected null
hypersurface and time-like hypersurface.

initial data

— \

H,

t = constant



. R. Bartnik, 1996 : quasi spherical gauge.

. R.Balean, 1997: linear wave equation in MinkowsKi
space

. R.Balean, R.Bartnik, 1998 : Maxwell equations in
Minkowski space

. Q. Han, L. Zhang, 2017 : linear wave eguation In
asymptotic flat space-time



* Physical Motivation : AdS/CFT
correspondence

1. Investigate AdS/CFT in terms of boundary value
problem ( Witten, 1998, 2018)

2. Holographic model of condensed matter, “3H”
model (Hartnoll, Herzog and Horowitz, PRL, 2008)

3. Entropy production for holography (Bredberg,
Keeler, Lysov and Strominger, JHEP, 2011; Tian, Wu
and Zhang, JHEP, 2012)

4. Dynamical process with dissipation in holographic
method



* Asymptotic AdS space-time

g = —Ve*dr? — 2¢*drdr + r*hap(dz? — U4dr)(d=? — UPdr),

..'.'1 o) ]-
V=1-26r2+0(=), A<O,
3T 1 {_r). |

lim »U* = lim ¢ = lim 1 =0,
r— OO r—+o0 F— 00

hapdrtdz®? — geo,

] 1
Introduce new coordinates (1,2 = =, 3, 23),

Conformal boundary : r — o (z =0)



- - 1
Region considered :  Qr ={(7.2)[0 <7 <T,0 <2 < 5} x 5%,

1 further null infinity




« Equation :

[gu =0,
 Boundary condition :
pe "
Ulpg={r=0} = ;
-1_5':']_5_1?
Ulr—{r=R} = I
Tliﬂu e'lru = 1y, for the given functions 5 on [0, +oc) x S2.

* Boundary of the region :

2 p
px 5%, T:{{a—,%nu{_:?{_::f}mﬂ,
b x 52, T={(r,0)]0 <71 < 400} x 5%,



e Conformal method
§=2%9=—22Vdr? + 2drdz + hape 2(dz* — Udr)(d2® — UBdr),

where = = ze™ ",

then
yu=0=Lv+wv =0,
1 1 o
W= g[alwﬂ——mﬁﬁ a1 — 3¢" 0o,
— det {hABj U= =
Boundary condition : vls, = .
Ul =1
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PrAraves ) = — %2‘21"@3 + gl'qi’?_q:h
g(N1,N1) = §(Na, Ny) =0, §(N1,Np) = —
for any fixed (z, z), denote correspondent S# as S(ZT,Z);

denote H, for the in-going null hypersurface
generated by N, and starts at S&, ;-

Iu "I U H ﬂ']‘_y :-ﬂ.'}' M H[!I_?]?].

pE(r, 5 1
EH .= HI:] .-Ml = Hr{} 1y

Moy for the domain bounded by H and T.



Main theorem : (Wu and Zhang, 2019)

Theorem 1.1. Suppose g sufficiently reqular and with conformal reqular condition (see later).

Assume 1 € H*([0,T] x §%), 19 € H*([0,T] x §?), and

_ e
||F||ﬁzkg{g:m}x52;|: Z [ [Sg r2+da drdE " <.

|| <2k ,00={cr1 ez, 0ea)

Then, there exists a unique solution u, which satisfies (1.5)-(1.6)-(1.7) in [0,T] x [R, +00) x S2,

and
|0%(eru)| 1
||Eﬂ"““||ﬁk|;[n,r]x{R,m}xszj: Z _/f f, r2+day dzd}"d"r)'

(18} || <k,a=(ap,0) ;o2 ,03)

EC{||¥||§‘-”~'{{R..3-.:)>«:52} + [|¢n ||H2‘~‘{[{}.,1"]>-:52] + ||?1”?||H‘*‘{['[}.,T] %52 }5

where C' is a constant depending on g and k.



Sketch of Proof :
» Local existence of solution

Analytic approximation method

1. Consider problem for analytic coefficients and
Initial data.

2. Using analytic function to approximate general
functions with the help of energy estimate.



v Analytic case :
Consider equations in the form v + wv =0,

with all coefficients are analytic. The initial data on
time-like and null boundary is also analytic.

20.:v + 22V, v + 291"4 d. AV + g‘q‘gﬂ_qgil + a'div + bv = 0.

U = Z '?:-':;riI:H:ITi
1 =10 oo
] u' = v = ul(z, 8)7°
define ;



Equation becomes

d-u' = w,
20.u' = —22Vo,ul — 29" 0.u? — g Popu? + a'u’ + cw,
a_u? = 9w,

20w = —z'glfﬁzul — Egm :':?zu"j‘ — gﬂE ﬁguﬂ + a'u® + cw.

Algebraic calculation implies
(14 1)-14,?“ = wj,
2(i+ Nufyy = Y Li[ouy, duy, duy, duil, wy],
k<i
(i + 1)uf | = 9w,

20.w; +dw; =Y Li[0u), Oy, 0uf, 0ui] + > Li[wy].
k<i k<i—1



Solving the ODE for w; , one can get all Taylor
coefficients of u' and w, which means one get formal
solution of the analytic system.

Using majorizing function method, one can prove above
formal solution converge.

Since the region is closed, one can use analytic function
to approximate the smooth function. Now one needs to
show if initial data P! — ¢ and Q* — v in H?¥ space,
and equation coefficients also satisfies gt - g and

w' = o , whether the associated solution u!will
converge to a solution u ?



v Enenrgy estimate

“Energy-momentum tensor” for C* function,

| - | - 1 - Ly - i
QUEI(X,Y) = (X§)(Y ) — 59(X, Y)|Ve[> - g(X, V)"

One can construct current associated with vector X as
div(hP[¢, X]) = (O,0)(hX @) + éh@[rﬂﬂj XgaP 1 Q[o](Vh, X) — 29(X, V) ho,
P, X]a = Q[]apX?, M7 =0°XP 4 8°X* — X (g°F).

Carefully choose vector field X and weight function h, integral
above eqution on Qr o and integral by part for left side, one

can get if

Lv=0p+a'dv+wr=f



Theorem 3.9. For some fivred T > 0, and v satisfies (3.8). Then, there exists constants
go > 0,1 > 0 depending on |g”|c1(qp), |@'|L=(0p) and |w|pe(q,), such that, for any q > qo,

T)?
- 1
and h = e~ lam+9z

1 y
1103 r) + 11001122 + 10l 1y oy + /H hEx[v,1,1]dM
< C{lvll oy + Il oy + 11l @y}

where C is a constant depending on |g7|c1(qp, || L0y and |w|peay).

(3.10)

Where

P
1.
[ullup i) = Y BTV |2 q).
i=0

Ey[@, b1, bo] is surface term on cosmologic horizon H



Higher order derivative estimate :

(O, X]¢ = 7PV 2o + Var* P93¢ — %:‘:}”‘{trﬂ)ﬂ&@.
Which implies for any |a| = p ,

O,(0%) = Z oV + fa, fa= Z Cagd®v.

|1Bl=p+1 Bl=p

Then

Theorem 3.14. For any p > 1, there exists qy depending on [g”|c1 oy, W| oo ()
and p, and | the same as in theorem 3.9, then, for ¢ > qy and h = e~9"t%  we have

1 FaTi ua TS
Y (@100 + 10012 + f hEy[0%0,1,1]dH)
(3.22) a|=p+1 A

< {llell,

)(%0) + |1 ‘|H§F+2(T] + ||f”H§P+] (ﬂT:Uj}?

where C is constant depending on |97 |c2(0p), |@'|cr(ap) and |w|pee(q,)-



Finally, one has
Corollary 3.17. we have
(3.31) ||'”||Hﬁ:|:m.rwﬂrj = G{”PHHEHEUJ + ||H'31||H‘-’f~'|:ﬂ}a

where C is a constant depending on |Qij|c‘_’k—1{ﬂT':|-r

w|ﬂ'2k_2[ﬂ'r}! JIE., T, ﬂﬂ-l‘j R



v' Estimate on M,

Since in Theorem 3.9 and 3.14, one has got the control for the
data on H, one can use similar idea to control the data in M,
In terms of the data on H and conformal boundary.

Theorem 3.18. There exists qy and I depending on [g7 o1 pmunog)s |@ Loe(ManQp), Such that,
for any q > qo, and h = e~97+9%
1 .
qz||v| H(QrnMy) T v |Hﬂ!iETr";H-_:] +|19:v] L3(T)

E[?{AILEH[T!._ 1 1]dH + |1'1||H|.'-t[l“] + || L‘,—’tu;-w-_:rwzﬂ}-

where C' is a constant depending on |g"|m (ManQp)s | W|Lee (Manr) and A.

(3.32)



Theorem 3.19. For any o with |af =k > 2, there erists qy depending on k, |gi-|G1{MgﬁﬂT}

(W|Lee (Manry, and I depending on |g° -?|C;|{M2,-,RT W\ Leo (Mo, SUcCh that, for any q = qo,
and h = e~ 7 +az

1. o o
Z etz ”||H}1(nrﬂmgj + (|0 ”||L§{I}]
|| =k

<Y / hEx[6%v, 1, 11dH + [[tal e r) + 1l (apararyy )

|ex| <k

(3.35)

where C' is a constant depending on k, |g|ck(pynep)s |[W]ek—1(Mon0y) and A.

Corollary 3.20. Suppose v is a solution of (3.1)-(3.2), then, for any k > 1, we have
(3.36) ol e ry < CUIGl e sy + V1l ey + |20 gr )

where Cis a constant depending on |g"|cak—1 (g, |W|c2k—2(qp), K, A, T, and R.



Since P!, Q', g* , w" are all Cauchy sequences, with the
control of corollary 3.17 and 3.20, u' is a Cauchy sequence in
H*(0 (S(0,1/r))) Obviously, so u* — u and u Is a solution of
equation (Here we use the linearity of equation).

So one get the local existence of wave equation in some
neighborhood of 5 1 /) -




» Global existence (Bootstrap method)

—
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~
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Theorem 1.1. Suppose g sufficiently reqular and with conformal reqular condition (see later).
Assume 1 € H*([0,T] x §%), 19 € H*([0,T] x §?), and

| |6%p?
2l 2k (R ooy x52) = Z [ [52 ;P drdE < +00.

|| <2k ,0=(cx1 y0e2,03)

Then, there exists a unique solution u, which satisfies (1.5)-(1.6)-(1.7) in [0,T] x [R, +00) x S2,

and
o |0%(eru)| 1
||Eﬂru||ﬁ1‘[[ﬂ,’1']x{R,m]szj = Z / [ /5" r2+day dEdrdr)—

( B} |&|Ek1ﬂ=(ﬂﬂ,ﬂ1,ﬂ'2,ﬂ'3

EC{||W||§:*&{.:R,_$]K52:. + ||T}'L'1||H2k{[l:l.,:"]:-:52] + ||w2||Hk{[ﬂ.j_]H52:I}7

where C' is a constant depending on g and k.



Discussion :

1.

null-time-like boundary value problem of mass-less scalar
field is proved, free data is the value of field on boundary
and conformal boundary.

This result can be generalized to massive field, at least the
field mass is small enough.

Similar result holds for Maxwell field.

Linear gravity is uneasy, since one need to deal with the
gauge freedom.

Since asymptotic AdS space-time allows negative mass, it
IS Interesting whether the negative mass will destroy these
estimates ?

Final aim : how about for Einstein equation ?
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